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Abstract
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Chris Cremer
Doctor of Philosophy
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2020

A deep latent variable model is a powerful tool for modelling complex distributions. However,
in order to train this model, we must perform approximate inference of the latent variable. A
variational autoencoder (VAE) is a framework for learning both the generative and inference models
for a latent variable model. This thesis provides novel analyses, applications, and interpretations of
approximate inference in VAEs.

This thesis reviews many of the recent developments made to improve VAEs. One such
improvement is the importance-weighted autoencoder. The standard interpretation of importance-
weighted autoencoders is that they maximize a tighter lower bound on the marginal likelihood
than the standard evidence lower bound. The first contribution of this thesis is to provide an
alternative interpretation: that it optimizes the standard variational lower bound, but using a
stochastic importance-weighted variational distribution.

In order to improve approximate inference in VAEs, it is important to understand what causes
inference to be suboptimal. Two important factors that determine the quality of approximate
inference in VAEs are: a) whether the variational distribution is expressive enough to match the
true posterior and b) the ability of the recognition network to produce good variational parameters
for each datapoint. This thesis contributes to our understanding of approximate inference in VAEs
by using these factors to diagnose suboptimal inference across a number of settings.

Finally, we investigate the task of using a latent variable to learn a joint distribution over two
data modalities: images and text. The contribution of this work is to develop a model for this task
and analyze how to perform approximate inference in this model. Specifically, we identify a problem
arising from the mismatch between the posteriors of each modality and we demonstrate how the

problem can be largely addressed by modelling the aggregate of the image posteriors.
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Chapter 1

Introduction

Modelling a distribution over complex, high dimensional datasets, such as images and text,
remains a challenging and important problem in machine learning. Substantial progress has
been made on this problem through the development of expressive deep generative models.
Generative models are models that learn a distribution over data and are capable of generating
samples from their distribution. Generative models are capable of addressing many tasks,
such as outlier detection, inferring the values of missing data, and quantifying the uncertainty
of a model’s prediction.

The class of generative models that this thesis will focus on are those that maximize the
probability of the data under the model, referred to as likelihood-based generative models.
Among these models are latent variable models, where we model the data by assuming the
data are generated from a hidden (latent) variable. This modelling choice allows us to model
complex distributions but it also requires that we integrate over the value of the latent
variable.

Variational inference is a method used to train deep latent variable models by performing
approximate inference using a variational distribution. Due to the inference being approximate,
the model does not optimize the exact likelihood; instead it optimizes a lower bound of the
data log-likelihood. Inference can be amortized by training a neural network to output the
variational distribution for a given datapoint. This neural network is often referred to as the
inference network, recognition network, and/or the encoder network.

In order to learn the encoder network efficiently, we need to backpropagate gradients
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through the stochastic latent variable layer. When using some specific continuous variational
distributions, such as the Gaussian distribution, we can use the reparameterization trick
(Williams, 1992; Kingma and Welling, 2014; Rezende et al., 2014) to obtain low variance
gradients of the variational lower bound with respect to the encoder parameters. This
approach to learning and inference in deep latent variable models, which uses an encoder
network and the reparameterization trick, is called a Variational Autoencoder (VAE, Kingma

and Welling (2014); Rezende et al. (2014)).

1.1 Before the VAE

One of the key components that distinguishes the VAE approach from other approaches to
learning latent variable models is the use of the reparameterization trick. Prior to the VAE,
the REINFORCE (Williams, 1992) gradient estimator was a technique to obtain unbiased
gradients of the lower bound objective. However, when the REINFORCE estimator is used
to train large models, the variance of this estimator is often too high to learn efficiently. The
use of control variates for variational inference (Blei et al., 2012; Ranganath et al., 2013) is a
technique that can be used to help reduce the variance of gradient estimators. The work of
Gregor et al. (2014) is an example of a binary latent variable model with an autoencoder
structure being trained with REINFORCE and control variates.

The wake-sleep algorithm (Dayan et al., 1995; Hinton et al., 1995) was another technique
for training deep directed graphical models as well as the recognition model. In the wake
phase, the generative model is updated using latent variable samples from the recognition
model to optimize the variational lower bound. In the sleep phase, a ‘dream’ sample is
generated from the model by sampling the prior and then the decoder, and the inference
network is trained to infer the latent variable for that generated datapoint. The sleep phase
minimizes the KL divergence of the true and approximate posterior under the generative
model data distribution, whereas the wake phase optimizes the bound under the true data
distribution. Thus one downside of the wake-sleep algorithm is that the sleep phase gradients
are biased. However, one advantage of the algorithm is that it is applicable to discrete

variables, unlike the reparameterization trick. Furthermore, the wake-sleep algorithm was
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improved with the reweighted wake-sleep algorithm (Bornschein and Bengio, 2015), which is
still a competitive technique today for discrete variable models (Le et al., 2019).

Another related method to VAEs is the denoising autoencoder (DAE) (Vincent et al.,
2010; Bengio et al., 2013), which corrupts the input with noise and trains the encoder-decoder
to reduce the reconstruction error. The model can then be sampled using Langevin or
Metropolis-Hastings MCMC. Unlike the DAE, the VAE objective is directly derived using

the variational approach and sampling the VAE is easy via ancestral sampling.

1.2 Motivation

While standard VAEs can model quite complex distributions, there are still many directions
for improvement. One avenue for improvement of VAEs is through the tightening of their
lower bound objective. This can be achieved through the use of importance sampling. A
question that arises when using an importance weighted objective is how does it affect the
model’s implicit approximate posterior? Another question is how do we visualize and sample
this implicit distribution? These are questions that this thesis will address.

Recently, there have been many works proposing VAE modifications with the goal
of improving approximate inference. However, even with these improvements, amortized
inference in VAEs continues to be suboptimal. This raises many important questions, such
as: What are the main factors causing inference to be suboptimal? Is the distribution that
we're trying to model too complex? Is it too difficult for a single neural network to infer the
latent variable associated with each observation? Answering these questions is another aim
of this thesis.

Typically, latent variables are used in settings where each data dimension belongs to a
single modality (data type), e.g. pixels of an image. What if we’d like to use a latent variable
to model data from two data modalities? For example, how would inference be different if we
modelled images and their captions with a single latent variable? How does the choice of
approximate inference affect the model? How should we perform inference if we want to infer
one modality given the other? This thesis will also explore these questions.

As can be seen, there are many areas to explore relating to approximate inference in VAEs.
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The purpose of this thesis is to answer these questions in order to gain a better understanding

of approximate inference in VAEs.

1.3 Outline and Contributions

Chapter 2 begins by reviewing three powerful likelihood-based generative models: latent
variable models, auto-regressive models, and flow models. These model types are often used
in conjunction to improve the generative model. Chapter 2 then goes into more detail about
the VAE and describes many of the extensions that have been made to the standard VAE
model.

In Chapter 3, we investigate the importance-weighted autoencoder (IWAE) and explore
how its inference differs from the standard VAE. The standard interpretation of IWAE is that
it maximizes a tighter lower bound on the marginal likelihood than the standard evidence
lower bound. We give an alternate interpretation of this procedure: that it optimizes the
standard variational lower bound, but using a stochastic importance-weighted variational
distribution. The contribution of this section is to derive this result, present a tighter lower
bound, visualize the implicit importance-weighted distribution and provide the algorithms
for plotting and sampling from this distribution.

In Chapter 4, we aim to understand what makes approximate inference in variational
autoencoders suboptimal. Two important factors that determine the quality of approximate
inference in VAEs are: a) whether the variational distribution is expressive enough to match
the true posterior and b) the ability of the recognition network to produce good variational
parameters for each datapoint. Thus in this chapter, we evaluate the divergence between
the approximate posterior and true posterior in terms of the divergence caused by the
limited expressiveness of the variational distribution and the divergence caused by the limited
capacity of the recognition network. By measuring these divergences we make a number of
observations. We find that the divergence from the true posterior is often due to imperfect
recognition networks, rather than the limited complexity of the approximating distribution.
We also show that this is due partly to the generator learning to accommodate the choice of

approximation. Furthermore, we show that the parameters used to increase the expressiveness
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of the approximation play a role in generalizing inference rather than simply improving the
complexity of the approximation. These observations demonstrate that our analysis is a
useful tool for diagnosing suboptimal inference.

In Chapter 5, we study how to model the joint distribution over two data modalities
using a latent variable. Specifically, we introduce the Vision-Language VAE to model the
joint distribution over images and text. We begin by investigating how inferring the latent
variable using only images affects the resulting model. Next, we explore a common task for
these multimodal models: to perform conditional generation. For instance, generating an
image conditioned on text. One approach to this task is to sample the posterior of the text
then generate the image given the latent variable. However, we find that a problem with
this approach is that the posterior of the text does not match the aggregate of the image
posteriors corresponding to that text. The result is that the generated images are either of
poor quality or don’t match the text. In this chapter, we highlight the importance of learning
aggregate posteriors when faced with these types of distribution mismatches.

Finally, given that there are a number of choices for likelihood-based generative models,
how do we know which is best for a given problem? How can the various generative models
be combined? Chapter 6 discusses some of the advantages and disadvantages of each model
type and points to future directions for improvement. A thorough understanding of the

limitations of these models will help guide future improvements.



Chapter 2

Background

This background section will first cover likelihood-based generative models (VAEs, auto-
regressive models, flows) because these model types will be used throughout the thesis
and it will be helpful to have an understanding of how VAEs fit into the wider generative
modelling picture. Next, the background section will go deeper into the developments that
have been made in VAEs. These developments include improvements to inference (importance
weighting, flow posteriors, auxiliary variables) as well as model improvements (hierarchical

latent variables, improved priors, improved decoders).

2.1 Likelihood-Based Generative Models

Likelihood-based generative models are models that learn to model a distribution by maxi-
mizing the probability the data x with respect to (wrt) the model parameters 0: maxy py(x).
In other words, these models maximize the likelihood of the parameters given the data. To
date, the most common, powerful likelihood-based generative models include latent variable
models, auto-regressive models, and flow (change of variable) models.

A brief introduction to each of the models is the following: Latent variable models can be
seen as an infinite mixture model over the data by integrating over the distribution of the
latent variable. Auto-regressive models involve partitioning the data dimensions and learning
the distribution of each dimension conditioned on the previous dimensions. Finally, flow

models involve transforming a simple distribution into a complex distribution using invertible
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transformations. These three model types can be summarized by the following equations,

which describe the probability of the data under each model:
Latent variable: p(x) = [ p(z|2)p(z)dz
Auto-regressive: p(z) = p(xo) Hil):l p(zg|T<y)

Flow: pla) = pz(f(2)) |22

where x4 of the auto-regressive equation represents all previous dimensions before dimension
d. These three equations illustrate the core modelling assumptions mentioned above for each
of the models.

This thesis is mainly concerned with latent variable models; however, as we’ll see, these
models are often used in conjunction. In the following sections, I will go into more depth
regarding these model types. In section 6.2, I will examine the advantages and disadvantages

of each of the models.

2.1.1 Variational Autoencoders

Deep latent variable models are a powerful and popular approach to modelling complex, high
dimensional distributions. Consider a general probabilistic model py(z, z) of data x, latent
variables z, and model parameters 6. The generative process of a typical latent variable model
is shown in Fig. 2.1a. Based on the graphical model, the factorization of the joint distribution
po(x, z) is pg(z|2z)p(2). The plate notation used to represent the number of datapoints N in
2.1a will be omitted in future graphical models for simplicity.

Learning to maximize the data likelihood, py(z), under this model involves integrating
out z: pg(x) = [ po(x,z)dz. Given that this integral is intractable, it is approximated via
sampling from an approximation to the true posterior distribution. Through the variational
inference approach, posterior inference is performed by learning a parameterized distribution
¢o(z|x) which approximates the true posterior p(z|z).

The variational autoencoder (VAE, Kingma and Welling (2014); Rezende et al. (2014)) is
a general framework for learning latent variable models with variational inference. Generally,

VAEs use neural networks for the generative model as well as the inference model. We will
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refer to the union of the generative model and inference model as the VAE model. This
section will cover three important aspects of VAEs: the evidence lower bound, amortized

inference and the reparameterization trick.

FE— —
0 — ¢

N N

A, )

(a) (b)
Figure 2.1: (a) Generative graphical model and (b) inference graphical model of a VAE.

Variational Inference and the Evidence Lower Bound (ELBO)
Learning in a latent variable model involves maximizing the likelihood of the parameters
given the data: py(z) = [, ps(z,z)dz. This integral is intractable for the model class that
we consider: neural net parameterization of py(x|z). Thus, the integral is approximated via
Monte Carlo sampling. Variational inference learns a distribution ¢(z|z) that approximates
the true posterior p(z|z). This variational distribution can be used for importance sampling
to approximate the intractable integral.

Since ¢(z|z) is only an approximation to p(z|z), VAEs do not maximize the exact marginal
log likelihood of the parameters. Instead, they maximize a lower bound of the marginal log
likelihood, often referred to as the evidence lower bound (ELBO), which can be derived using

Jensen’s inequality:

log po(z) = log / po(z|2)p(z)dz

pe(iﬁ
= log (E%(ZII) {—
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We use Ly ag[q] to refer to the ELBO of the VAE using variational distribution ¢. The
expectation in Eqn. 2.1 cannot be computed analytically, thus it is approximated by Monte
Carlo sampling.

We can also use an alternative derivation of the ELBO to highlight the KL divergence

between the true and approximate posteriors:

log po(r) = Eq, (zx) [log pe(z)] (2.2)
g AP
e ]
= By o2 (PPN 4 KLl (el (2:6)
v ()

= Lvag [Q]

where the inequality follows from the removal of the non-negative KL term. From Eqn. 2.6,
we see that the closer the approximation g,(z|x) is to the true posterior p(z|z), the tighter

the bound will be. If ¢4(2|z) = p(z|x), then the objective is no longer a lower bound:

To summarize, the ELBO objective is a stochastic lower bound: it is stochastic due to the
finite samples that we use to approximate the expectation and it is a lower bound due to the

mismatch between the approximate and true posteriors.

Amortized Inference
In order to make inference efficient, VAEs learn to perform inference using a neural network.
Rather than having inference parameters ¢; for each datapoint x; (Hoffman et al., 2013),

VAEs utilize a network with a single set of parameters ¢ to perform inference for the whole
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dataset:

. p(xlu Z)
Amortized ¢ : E,,2|a; {log (—)}
qg (2]w:) s (2|7:)

Non-amortized ¢; : E%i(lez‘) {log (%)}

Amortized inference is reflected in the graphical model representation of the inference process
shown in Fig. 2.1b. The network that outputs the parameters of ¢ is often called an encoder,
but it is also known as a recognition network or inference network. Given that the encoder is
shared by all datapoints, we can say that the encoder amortizes inference over the dataset.
The hope is that the encoder can also learn to generalize inference to new datapoints as well.

In a standard VAE, the approximate posterior that the encoder outputs is a factorized
Gaussian. That is, the approximate posterior distribution is defined as g (z|x) = N(2; g, o),

where p, and Xy are functions of x and the covariance matrix Y4 is diagonal.

Reparameterization Trick

In order to learn efficiently in VAEs, we require low variance gradient estimators of the ELBO.
This can be achieved by reparameterizing the sample z ~ ¢(z|z) as: z = z(€,¢) = fo(z,€),
where € ~ p(€) and fy(x,€) is a deterministic function of the noise variable e. For Gaussian
distributions, the transformation is: z = o€ + pu, € ~ N(0,1), where o is the standard
deviation and p is the mean of the distribution. With this transformation, the gradient of
the lower bound from Eqn. 2.8 can be reformulated by pushing the gradient operator inside

the expectation:

6 o ()] .5 o (Bl

)
=Econo) {W log (%ﬂ

This gradient estimation approach has been termed the reparameterization trick (Kingma
and Welling, 2014) and it was also introduced in Williams (1992) and Rezende et al. (2014).
Without this trick, the variance of the gradients is typically much larger. For instance, when

learning over discrete latent variable distributions, the reparameterization trick is no longer

10
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applicable and thus we must turn to the REINFORCE (Williams, 1992) gradient estimator ,
which is derived as follows for the ELBO:

VoEq, -1y [mg (Mﬂ ~=V, / gs(2|z) log (W’z)) dz

9o (z]) 9o (2])

_ /W (%(ZW log (ﬁéli)))) =

— [ Faauteloton (250 4 gtelo) otog ( 4022 o

qs(2[7) qs(z|z)

_ /%(zm (Vg log go(z]7)) log (p(“)) + q4(2|2)Vy log (M> dz

!

qo(z|) qp(2|)
=Byt o8 (2220) Vs logaselo) - Vologase)
= Eqyeln) Klog ( (Z(éé))) - 1) V, log q¢(z|x)] (2.8)

This REINFORCE gradient estimator often has high variance which results in slow model
learning. Therefore, the reparameterization trick is an important component that allows for

efficient learning in VAEs.

2.1.2 Normalizing Flow Models

Normalizing flows are based on the change of variable formula:

0f (z)

T

p(@) = p2(F(2)) ]det (2.9

where 2z = f(z) and z = f'(2)

detag—(;) refers to the absolute value of the determinant of the

In the above equation,
Jacobian of the invertible transformation f and pz is a simple distribution such as N'(0,1).
The idea behind normalizing flows is to transform x with an invertible function f and compute
the likelihood of f(z) under a simpler distribution pz(f(z)). To correct for the expansion
and contraction of the space caused by the transformation, we multiply by the determinant

of the Jacobian of the transformation ‘det%ﬁf) . Since pyz is a Normal distribution, we

are normalizing the data, resulting in normalizing flows. Normalizing flows is a tool for

11
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constructing complex distributions by transforming probability densities through a series of
invertible mappings. By successively applying these transformations fi(fa(...fn(x)), we can
build arbitrarily complex distributions.

Normalizing flows require that the determinant of the Jacobian be efficiently computed.
This has been achieved through different approaches such as identities involving the determi-
nant, coupling layer architectures, and other special invertible models. These approaches will
be discussed in more detail in the following sections.

Determinant Identities

Some approaches to normalizing flows involve taking advantage of identities involving the
determinant in order to compute the determinant of the Jacobian efficiently. For instance,
in Rezende and Mohamed (2015), they introduce the planar flow: f(z) = x + uh(w’z + b),
where w € R”, v € RP, and b € R are free parameters and h is a smooth element-wise
non-linearity. Using the matrix determinant lemma, the determinant of the Jacobian of the
planar flow can be computed efficiently. This approach has been extended in van den Berg
et al. (2018), where they use Sylvester’s determinant identity.

Coupling Layers

Another popular approach to normalizing flows is the use of coupling layers. Coupling layers
partition the input in two then transform one partition given the other. More specifically,
given a D dimensional input x, and a partitioning of the dimensions into x1.4 and x4,1.p, an

affine coupling layer is given by:

Yr:d = T1d (2.10)

Yd+1:D = Tay1:p0 © exp(s(21.q)) + t(21.4), (2.11)

where s and ¢ are expressive functions (neural nets) and © is the Hadamard (element-wise)

product. See Fig. 2.2 for a visual representation of this flow. Inverting this transformation is
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straightforward:
T1:d = Y1:d (212)
Ya+1:0 — L(Y1:a)
d+1:D exp(5(g10)) (2.13)

The Jacobian of this transformation is lower triangular with ones and exp(s(z1.4)) on the
diagonal. The determinant of a diagonal matrix is the product of the diagonal, making the
determinant of the Jacobian of coupling layers very efficient to compute. The specific type of
dimension partitioning used depends on the task. For images, the partitioning often exploits
the local correlation structure of images: spatial checkerboard patterns, and channel-wise

masking.

Figure 2.2: Diagram of two coupling layer transformations. The input is partitioned into
two parts and one half is transformed given the other, resulting in an efficiently invertible
transformation. The multiply and addition symbols represent the affine transformation of
Eqn. 2.11.

One of the first uses of coupling layers in normalizing flows was in Non-linear Independent
Component Estimation (NICE, Dinh et al. (2015)). Their coupling layers used only additive
transformations (ie. no multiplication in Eqn. 2.11), which resulted in volume-preserving
transformations. This work was improved upon with affine transformations (Eqn. 2.11)
in real-valued non-volume preserving transformations (Real NVP, Dinh et al. (2017)). See
Fig. 2.3 for an example of four Real NVP (Dinh et al., 2017) flows transforming a Gaussian
distribution into a target distribution. This figure illustrates how flexible these simple

transformations can be.
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In Real NVP (Dinh et al., 2017), they propose a flow that, prior to each flow step, reverses
the ordering of the channels. This was improved upon in Glow (Kingma and Dhariwal, 2018)
where they replace this fixed permutation with a learned invertible 1 x 1 convolution. Another
direction of improvement is to replace the affine transformation of the coupling layers with
more complex functions, such as piecewise-polynomial transformations (Miiller et al., 2019;
Durkan et al., 2019a,b).

Target Base Flow 1 Flow 2 Flow 3

L 9 > A A

Figure 2.3: Demonstration of a 2D affine coupling layer transformations. The left distribution
is the target and the following images are a sequence of flows transforming a Gaussian base
distribution.

Other Invertible Models

Most flows are constrained to special architectures to assure invertibility. The approach of
FFJORD (Grathwohl et al., 2019) is to specify the transformation by an ordinary differential
equation (ODE). FFJORD uses a continuous version of the change of variable formula where
the determinant is replaced by a trace. This approach allows for unrestricted neural network
architectures but requires an ODE solver and uses a stochastic estimator to approximate
the trace. The approach of iResnet (Behrmann et al., 2019) is to enforce a constraint on
the Lipschitz constant of the transformation. In MintNet (Song et al., 2019), they achieve

efficient invertibility by restricting their weight matrices to be triangular.

Flow as a Special Case of Latent Variable Model

Flows can be seen as a special case of a latent variable model with the following equation:

0f (x)

o) =[5 57 faer D2 )

The delta function term and the det-Jac term can be interpreted as p(x|z) of the latent variable
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model. The main distinction between flow and latent variable models is the invertibility of

the flow transformation.

2.1.3 Auto-Regressive Models

Auto-Regressive models are based on the factorized decomposition of the joint distribution:

D
p(z) = p(z1) Hp($i|x1:i—1)-
=2

The conditional dependence of p(x;|z1.;_1) is often modelled using a sequential model such as
RNNs, CNNs, and more recently, attention models (Bahdanau et al., 2014). The distribution
of p(z;|x1.4-1) is often a simple distribution such as a Gaussian or Categorical distribution.
Auto-regressive models have seen success on many data types. For text data, attention
models based on the Transformer (Vaswani et al., 2017) have become increasingly popular
(Devlin et al., 2018; Peters et al., 2018). For raw audio, the WaveNet model (van den Oord
et al., 2016a) used CNNs to model the sequential dependencies. Auto-regressive models
have also seen strong success on data types that aren’t inherently sequential, such as images.
PixelRNN (van den Oord et al., 2016b) and PixelCNN (van den Oord et al., 2016¢) modeled
pixels sequentially and achieved state-of-the-art performance when introduced. This was
further improved with attention-based auto-regressive models such as the Image Transformer
(Parmar et al., 2018) and PixelSnail (Chen et al., 2018). The rational behind the improved
results is that the effective receptive field of the attention models is larger than those of the
CNN-based models.

One limitation of auto-regressive models is that they must sample sequentially, rather
than in parallel. Because of this, it can be quite slow to sample, especially for fine grained
audio or large images. The follow-up work to Wavenet, Parallel Wavenet (van den Oord
et al., 2018) performed what they called density distillation, which transforms noise into

samples, so that samples can be generated in parallel.

Auto-Regressive Models as Normalizing Flows

Interestingly, when an auto-regressive model has Gaussian conditional distributions, then
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it can be interpreted as a normalizing flow. This observation was first made in Kingma
et al. (2016) and further elaborated in Papamakarios et al. (2017). To understand this

interpretation, consider an auto-regressive model with Gaussian conditional distributions:
p(xi|z1io1) = N(zilpi, 07) where p; = fo,(z1.-1) and 0y = fo, (v14-1) (2.14)

To sample from this model, we must generate each dimension sequentially, so the sample is

defined recursively as follows:
x; = 20, + ju; where z; ~ N(0,1) (2.15)

The Jacobian % of this transformation is triangular due to the auto-regressive dependency.

To invert this transformation (recover z from x), we simply need to compute:

Li — i
o

2 = (2.16)

Thus, given the invertibilty of the auto-regressive transformation, we can interpret it as a flow
transformation with the change of variable formula (Eqn. 2.9). The Masked Autoregressive
Flow from Papamakarios et al. (2017) takes advantage of this interpretation by stacking

auto-regressive transformations, just like one would with flow models.

2.2 Beyond Standard VAEs

A VAE consists of three important pieces: 1) the prior distribution, 2) the variational
distribution, and 3) the decoder distribution. A standard VAE typically involves a N (0, ])
prior, an encoder that outputs a factorized Gaussian distribution, and a decoder that outputs
a factorized distribution over the data. In this section, I will review some current techniques
for improving all three aspects of VAEs. Many of the improvements involve changing the
posterior approximation (variational distribution), which results in a change to the standard
lower bound. At the end of this section, there will be a table of the various lower bounds,

which will help to summarize a number of posterior improvements.
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2.2.1 Importance Weighted Autoencoders

The Importance Weighted Autoencoder (IWAE, Burda et al. (2016)) is a generative model
which shares the VAE architecture, but uses importance weighting in order to train with
a tighter lower bound of the data log-likelihood. More specifically, the IWAE lower bound

takes multiple samples from the ¢ distribution and computes the following bound:

025 (1525

o

As can be seen from the equation above, when k£ = 1, then we recover the VAE lower bound.
Importantly, the importance weighted lower bound approaches log p(x) as k goes to infinity.
Consequently, this lower bound is often used with a large k in order to evaluate latent variable
models (Kingma et al., 2016; Sgnderby et al., 2016).

To better understand the IWAE objective, as shown in Burda et al. (2016), it can be

informative to derive the gradient update of the IWAE bound with respect to the parameters

of p and ¢:
L e~p 1 = p(z, ) (1 (a2
1 — _ ) e - y ~1
vioe (k Z:: Zz\x ) (k ; q(zl|;1:)) v <k ; q(sz))
k -1 k
L plrz) ) g plez) o Pl z)
A 7 Vlog
(’f 2 q<zilw>) E 2 gl Y
k
I Pz, 2)
= p 2wVl 2.18
k;wv 4l (2.18)
where w; = 1< Z—‘,’j" - and w; = Ex ‘Zg The gradient V log p(z, |ZCC§ is the gradient of a regular
k i=1 Wi

VAE. Thus we can see that the IWAE gradient is similar to the regular VAE objective but
where each sample is weighed by the normalized importance weights.

When training with this tighter lower bound, Burda et al. (2016) show that the deep
latent variable model achieves a higher data log-likelihood compared to the single sample
VAE objective. Furthermore, Burda et al. (2016) observed that the IWAE bound increased
the number of active dimensions in the latent space. Reducing inactive latent dimensions is

important because they cause the model to only use a fraction of its full capacity.
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2.2.2 Flow Posteriors

As discussed in the section on variational inference (2.1.1), we can achieve a tighter lower
bound when the approximate posterior is closer to the true posterior. Thus, to reduce the
distribution mismatch, it is beneficial to use flexible approximate posterior distributions.
As seen in the Flow section (2.1.2), we can create complex distributions through the use of
normalizing flows. More specifically, if we transform a random variable 2z, with a simple base

distribution ¢o(z), the resulting random variable zp = T'(zy) has a distribution:

-1
det 272 (2.19)

qr(zr) = qo(20) 920

By successively applying these transformations, we can build arbitrarily complex distributions
which can better approximate the true posterior. An important property of these transforma-
tions is that we can take expectations with respect to the transformed density gr(z7) without

explicitly knowing gr(zr). The expectation can be written as:

Eqr [h(21)] = Eqgo [h(fr(fr-1(-.. [1(20))))] (2.20)

This is known as the law of the unconscious statistician (LOTUS). Using the change of
variable equation (Eqn. 2.19) and LOTUS (Eqn. 2.20), the lower bound of the VAE with a

flow posterior is the following:

p(l'>ZT)

qo(20]7) [T, |det 522

O0zt—1

(2.21)

Ing(l’) > Ezowqo(z\a;) lOg

The first application of normalizing flows for inference in VAEs was the work of Rezende
and Mohamed (2015). Since then, there has been many other flows introduced to improve
inference in VAEs (Kingma et al., 2016; Tomczak and Welling, 2016; van den Berg et al.,
2018; Huang et al., 2018; Grathwohl et al., 2019; Durkan et al., 2019b).

Flows for Density Estimation vs Variational Inference

It is interesting to note that some flows are suited for density estimation while others are

suited for variational inference. For density estimation, the flow needs to efficiently compute
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the likelihood of an arbitrary datapoint from the dataset. Whereas for variational inference,
the flow needs to efficiently compute the probability density of a sample from the model.
This distinction is highlighted in the work of Kingma et al. (2016), where they introduce the
Inverse Autoregressive Flow (IAF). As discussed in section 2.1.3, Autoregressive Flows (AF)
can efficiently compute the likelihood of a datapoint, but to generate a sample they require
sequential generation of each dimension, which is computationally inefficient. In AFs, the
model transforms input z to noise z. In contrast, IAFs use an autoregressive flow (Germain
et al., 2015) to transform noise z into input space x. The benefit of this is that sampling the
model is now very efficient since all dimensions of z can be sampled and transformed into x

in parallel, which makes it very well suited for variational inference.

2.2.3 Auxiliary Variables

Another technique that can be used to improve inference in deep latent variable models is
the addition of auxiliary variables. See Fig. 2.4 for a graphical model of a VAE augmented
with an auxiliary variable model. As the figure shows, the generative process from z to x is

unchanged, whereas the inference of z is now dependent on auxiliary variable v.

(a) (b)

Figure 2.4: Graphical model of a) the generative process and b) the inference model of a
VAE with an auxiliary variable.

Just as hierarchical Bayesian models induce dependencies between data, hierarchical varia-
tional models can induce dependencies between latent variables. They can capture structure

of correlated variables because they turn the posterior into a mixture distribution:

o(z|z) = / a(zlz, v)q(v]z)dv (2.22)
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The addition of the auxiliary variable changes the lower bound to:

ourte) 2 evmien |08 (00600 ) =

where r(v|z, 2) is called the reverse model. This idea has been employed in auxiliary deep
generative models (ADGM, Maalge et al. (2016)) and hierarchical variational models (HVM,
Ranganath et al. (2016)). In order to increase the flexibility of the distributions over the
auxiliary variables, these models often take advantage of normalizing flows. In Ranganath
et al. (2016), flows are used to increase the complexity of the reverse model r(v|z,v) and in
MNF (Louizos and Welling, 2017), normalizing flows transform the auxiliary variable of a

variational Bayesian neural net.

2.2.4 Hamiltonian Variational Inference

Another important method for approximate inference is Markov Chain Monte Carlo (MCMC).
The advantage of MCMC over variational inference (VI) is that it is nonparametric and
asymptotically exact, whereas the advantage of VI is that it optimizes an explicit objective
and it is often faster. Thus there has been work to combine these methods in order to improve
the approximation to the posterior.

For instance, in Hamiltonian Variational Inference (HVI, Salimans et al. (2015)) they
combine the MCMC sampler of Hamiltonian Monte Carlo (HMC, Neal (2011)) with VI. In
HMC, an auxiliary variable v, referred to as the momentum, is randomly initialized and then
the method simulates the dynamics of the Hamiltonian defined by the latent variable and
the momentum: H(z,v) = 0.507v — log p(z, z), where z and v are iteratively updated using

the leapfrog integrator:

0
Ve = vy — E—log p(z, 2)
2 20z
27 = Zo + €U
€ 0
ur = U5 = 55 log p(z, z)

Since the leap frog steps are invertible, HVI can be interpreted as a flow on an augmented
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space. Thus HVI is a combination of an auxiliary variable model and a flow model. Also, the
flow is volume-preserving because its log det-Jacobian is zero. Thus, the lower bound that

HVI maximizes is:

log(p(x)) > E.y vomg(z0]2) [log (pq((xz’jg;EZOTE’;T;)} : (2.24)

Augmenting VI with HMC dynamics can be an effective way of exploring the posterior
distribution because the samples are guided by the gradient of the exact log posterior.
However, a disadvantage of HVI is that for every step, we need to compute the gradient of

log p(x, z), which can be computationally expensive.

2.2.5 Hierarchical Latent Variable

Typical VAEs possess a single multi-dimensional latent variable z, however, to increase the
expressiveness of the model, VAEs can be augmented with a hierarchy of latent variables.
There are various options for the conditioning of the hierarchical variables, as shown in Fig.

2.5a and Fig. 2.5b. The preferred hierarchical architecture will depend on the given task.

@ b

L
g

G
&)

(a b) (c) (d)

Figure 2.5: Hierarchical latent variable models. a) and b) are hierarchical models with
differing dependencies. c) and d) are two different inference models. d) is the inference model
used by Ladder VAEs.

~—
—~

For Fig. 2.5a, the joint distribution of the model is now given by:
L
p(w, z1.0) = p(w|2)p(21) HP(Zileziq)

=2
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and if we substitute this joint probability into the variational lower bound, the result is:

q(21:|7)

logp(z) > Euv. oot [log (p<x|zl;L>p<zl> Hf_2p<zirzlzi_1>>] | (2.25)

Augmenting the model with multiple latent variables is an approach taken in Burda et al.
(2016), Sgnderby et al. (2016), Razavi et al. (2019), and Maalge et al. (2019). This work has
shown that extra layers of stochastic variables improve the models density estimation.
Modifying the model with extra latent variables is often accompanied by modifications in
the inference process. For instance, Sgnderby et al. (2016) introduce the ladder VAE which
incorporates a top-down dependency structure both in the inference and generative models,
as shown in Fig. 2.5d. This is in contrast to a more basic inference model shown in Fig. 2.5c.
With this modification, the approximate posterior distribution benefits from the merging of
information between the top-down prior from the generative distribution and the inference

model.

2.2.6 More Expressive Priors

Typical VAEs often use a Normal distribution with zero mean and diagonal unit variance for
the latent variable prior distribution p(z). This prior is used due to its simplicity, however it is
quite restrictive. Just as limited approximate posteriors impede learning, limited priors make
it more challenging for the model to learn the data distribution. Ideally, the prior distribution
of the latent variable p(z) should match the marginal distribution of the data posteriors:
E,, @) [p(z]|2)], where pp(z) is the data distribution. Matching these distributions is desired
because it achieves the maximum likelihood for the parameters given the datapoints.

The problem of the mismatch between the prior and the marginal posterior (also known
as the aggregate posterior) has been remarked in a number of works (Makhzani et al., 2015;
Huang et al., 2017; Rosca et al., 2018). There have been a several approaches to addressing
this problem. In Makhzani et al. (2015), they use an adversarial loss to fit the aggregate of the
posteriors to the prior. Other works have shown that there are benefits to learning the prior
rather than using a fixed prior. For instance, in Tomczak and Welling (2018), they propose

the VampPrior for p(z). The VampPrior consists of a mixture distribution with components
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given by variational posteriors conditioned on learnable pseudo-inputs. The approach taken
by Chen et al. (2016) and Huang et al. (2017) is to use an autoregressive flow as the prior.
Chen et al. (2016) show that using a latent code transformed by an autoregressive flow is
equivalent to using inverse autoregressive flow (IAF) as an approximate posterior. In Razavi
et al. (2019), they use an autoregressive model, PixelCNN, as their prior over the latent
variable. These works demonstrate the VAE can be significantly improved when using learned

priors.

2.2.7 More Expressive Decoders

The decoder distribution of a standard VAE is a factorized distribution over the dimensions.
In other words, the dimensions are conditionally independent given the latent variable. This

distribution is represented in Fig. 2.6a.

“
) (o) (o) (%)
(a) (b)

Figure 2.6: Graphical model of a) the standard factorized decoder distribution and b) the
auto-regressive decoder.

To improve the modelling capacity of the decoder, some works have utilized auto-regressive
decoders. As shown in Fig. 2.6b, this decoder no longer assumes the dimensions are
independent given the latent variable. In Chen et al. (2016) and Gulrajani et al. (2016), they
use Pixel CNNs (van den Oord et al., 2016¢) as decoders. As discussed in the auto-regressive
model section (2.1.3), PixelCNNs are CNNs designed to have an auto-regressive structure
(each pixel is conditioned on previous pixels). This auto-regressive decoder provides much
more flexibility to the output distribution p(z|z) in comparison to an output distribution
with independent dimensions. The results of Chen et al. (2016) and Gulrajani et al. (2016)
show that auto-regressive decoders have improved performance over typical decoders.

However, in Bowman et al. (2016), they observed that combining these auto-regressive
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models and latent variable models in this manner lead to the auto-regressive part of the

model explaining most of the structure in the data, while the latent variables has little use.

In Chen et al. (2016), they propose the Variational Lossy Autoencoder (VLAE), which limits

the auto-regressive decoder so that the latent variable has more of the variance in the data to

model. For instance, they construct a specific factorization of the auto-regressive distribution

such that it has a small local receptive field, which results in the latent variable capturing

the global representation, rather than the detailed texture of the image.

2.2.8 Summary of the Lower Bounds

Model Lower Bound Inference | Generative

VAE | Eovyp [log (23] (Eqn. 2.8)

IWAE | E.yeaole) [log (% Sk ;’g'm (Eqn. 2.17) v

NF B mg(z0)2) llog <q<zom)H?f’]ZTezaf:g]”>] (Eqn. 2.21) v

Aux E. vq(z0]2) [log <%ﬂ (Eqn. 2.23) v

HVIE | Eupugeg(enle) [log (BEzpibiean) )| (Eqn. 2.24) v
Hierarchical | E., ; <q(z1..]0) [lo < plelao)p (le)Eix)Q Bz |Zl<1)>} (Eqn. 2.25) v

Prior+ E. q(: [log (p xqf;f; )} (Sec. 2.2.6) v
Generator+ | E. 4. [log( q(z|:c ﬂ (Sec. 2.2.7) v

Table 2.1: Summary of the lower bounds from this background section. The Inference
column refers to improvements to the inference model and the Generative column refers to

improvements to the generative model.
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The previous sections covered the lower bound objectives for a number of VAE variants.
In order to contrast them more easily, Table 2.1 summarizes the lower bounds from this
background section.

These improvements to the VAE can be sorted into two groups: improved inference and
improved generative model. Inference can be improved through IWAE, normalizing flows,
auto-regressive models, and auxiliary variables. The generative model can be improved at the

level of the prior or the decoder and it can be augmented with a hierarchy of latent variables.
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Reinterpreting Importance-Weighted

Autoencoders

The standard interpretation of importance-weighted autoencoders is that they maximize a
tighter lower bound on the marginal likelihood than the standard evidence lower bound. We
give an alternate interpretation of this procedure: that it optimizes the standard variational
lower bound, but using a more complex distribution. The contribution of this section is to
derive this result, present a tighter lower bound, visualize the implicit importance-weighted
distribution and provide the algorithms for plotting and sampling from this distribution.
This chapter comes from the work done in Cremer et al. (2017), which was a collaboration
between myself, Quaid Morris and David Duvenaud. In that work, I produced the figures

and most of the writing was done by David and myself.

3.1 Background

As introduced in Section 2.2.1, the importance-weighted autoencoder (IWAE; Burda et al.
(2016)) is a variational inference strategy capable of producing arbitrarily tight evidence lower
bounds. The improved tightness of the bound leads to improved models and it is also often

used as an evaluation metric. IWAE maximizes the following multi-sample evidence lower
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bound (ELBO):

zz|x

k
1
logp(z) > E.,  .mq(zln) [log (E Z )] = Liwaelq] (IWAE ELBO)

which is a tighter lower bound than the ELBO maximized by the variational autoencoder

(VAE; Kingma and Welling (2014)):

k

1 plx, z;
P q(zx)

Here we’ve written the VAE bound as a multisample lower bound to compare it to the IWAE

bound. To better understand the difference between these two bounds, we will examine their

gradients. As the derivation in Section 2.2.1 showed, the following equations are the gradients

of the multi-sample VAE ELBO and the IWAE ELBO, respectively:

(I', Zl) ]
’ B 1 3.1
VeoLvaglq = E.,..conq(zlo) Z Ve og( (zilz) / | @1
- p(:L‘,ZZ)
- 5 ) ] 3.2
Ve IWAE[Q] 1---2k~q(2|z) [;w Ve o8 (Q(Zz|x)) ( )
where
p(x,zi)
b, = q(ziz)

Tk, 2
From equations (3.1) and (3.2), we see that the gradient of the VAE ELBO evenly weights the
samples, whereas the IWAE gradient weights the samples based on their relative importance
W;.

In this work, we would like to know what approximate posterior distribution is IWAE

effectively sampling from? In other words, since the VAE ELBO is a lower bound due to the

divergence between the approximate ¢(z|x) and the true posterior p(z|z):

logp(z) = Lvaglq] + KL(q(z|x)||p(z|7))
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then what is q;w in

logp(z) = Liwarld + KL(qw||p(z|z))?

3.2 Defining the implicit distribution ¢

In this section, we present the implicit distribution that arises from importance sampling
from a distribution p using ¢ as a proposal distribution. Given a batch of samples 25...2;

from ¢(z|z), the following is the unnormalized importance-weighted distribution:

p(z,2)
- 2|z p(z, z
Qnw (2l 220) = T ey 0(21) = p(z2) = P (3:3)
kZ] 1 g(zv) ( +ZJ 2qzj|;>

The batch of samples is indexed starting from z, because the z that is being evaluated is

considered z;. Here are some properties of the approximate IWAE posterior:
e When k =1, ¢iw(z|z, z2.) equals q(z|z).
e When k£ > 1, the form of Grw(z|x, z2.1) depends on the true posterior p(z|z).
o Ask — o0, E,, ., [Grw(z|z, z2.)] approaches the true posterior p(z|x) pointwise.

As a demonstration, see Fig. 3.1 for a visualization of a 1D ¢y with different batches
of z5...z;. In this figure, the blue p(z) distribution is the distribution that the green ¢(z)
distribution is attempting to approximate. The three instances of ¢y have different z samples
from ¢(z). We can see that they are unnormalized and that they are moving closer to the

target p(z) compared to the base distribution ¢(z).

3.2.1 qrw approaches the true posterior

Why does E., .. [Grw(z|z, z0.¢)] approach the true posterior p(z|z) as k — co? Recall that

the marginal likelihood can be approximated by importance sampling;:

T,z 1< T, z;
p(x) = By {Z((Zkﬁ))} o zl: ];((ZZ|$)) (3.4)
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where z; is sampled from ¢(z|z). Eqn. 3.4 is in the denominator of ¢y, meaning that it is
approximating p(x). If ¢(z|z) has positive probability for all regions where p(z|z) is positive,
then it follows from the strong law of large numbers that, as k approaches infinity, ¢w
converges to the true posterior p(z|z) almost surely. This interpretation becomes clearer

when we factor out the true posterior from gy :

~ e
i (e, 201) = A pel) (3.5)
1 CCZJ
<q<z\x) + 35 a(z1) )

We see that the closer the denominator becomes to p(z), the closer ¢y is to the true posterior.

-  r@®@
- 9@
= Gw(z|zy)
Giw(2]z;)
— Gy (2|23)

qew (2)

¥4

Figure 3.1: Visualization of 1D Grw and ¢gw distributions. The blue p(z) distribution is the
distribution that the green ¢(z) distribution is attempting to approximate. Both p(z) and ¢(z) are
normalized. The three instances of ¢ryr have different z samples from ¢(z) and we can see that
they are unnormalized. The yellow grw (z) (defined in section 3.2.3) is the expectation over 30 gy
distributions and we can see that it is a normalized distribution. These distributions were plotted
using Algorithm 2.
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3.2.2 Recovering the IWAE bound from the VAE bound

Here we show that the IWAE ELBO is equivalent to the VAE ELBO with ¢ (Eqn. 3.3),
where ¢y is a more flexible, unnormalized distribution, implicitly defined by importance
sampling. This equivalence requires an expectation over the batches of z;..z; for the VAE
bound in order to define Gy . If we replace q(z|z) with ¢rw (2|, z2.1) and take an expectation

over zs ...z, then we recover the IWAE ELBO:

- - p x, z
Eny oo [Cv anlin (212am)]] = Ean.ooaterm / G (2] 22) 10g <—))) dz}

k
) 1 p(, 2;)
=E., 2imq(zl) /Q[W(Z|22:k) log (E q(z|m)) dz]
z i=1 '

[ (1& e, =)
=E...2inqzle) |108 (EZ e )

For a more detailed derivation, see section 3.6.1. Note that we are abusing the VAE lower

bound notation because this implies an expectation over an unnormalized distribution.

Consequently, we replace the expectation with an equivalent integral.

3.2.3 Expected importance weighted distribution qgy

Given that the previous section took an expectation over zs...z; for Ly ag[qrw (z|z2.)], it is
interesting to ask what is the distribution that we’re sampling in expectation? Accordingly,

the expected importance-weighted distribution ggw (z|x) is a distribution given by:

i p(x, 2)
QEW<Z|'CE) = Ezz...ZkNQ(zlw) [QIW(Z’a:v ZQ:k)] = EszszCI(ZW) 1 [ p(z,2) k p(z,2)) (3.6)
k <q(z\r) + ZJZQ Q(Zj|$)>

Unlike qrw, gqew is a normalized distribution; we show this in section 3.6.2. Interestingly,
if we could use gpw in the VAE ELBO, Ly ag[gew], then the result would be in an upper
bound of Ly ag[q]. Unfortunately, the expectation in gy is intractable. See Section A.1.1
in the Appendix for the proof of Ly ag[qgew]| > Liwar[q], provided by Christian Naesseth,
which is a special case of the proof in Naesseth et al. (2018).
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Algorithm 1 Sampling gew (z|) Algorithm 2 Plotting gew (z|x)
1: k< number of importance samples 1: k< number of importance samples
2: foriin 1..k do 2: S < number of function samples
3: zi ~ q(z|r) 3: L < locations to plot
4 w,s — Pz 4: f = zeros(|L|)
Lol 5. for sin 1...S do
5. Each w; = w;/ Zle w; '
o : = 6: 2o .. 2k ~ q(z]T)
6: j ~ Categorical(w) - () = S Pz
7: Ret : F P 2ica o)
v = 8: for z in L do
TEI+= o)
10: Return f/S

3.2.4 Proof that ¢gy is closer to the true posterior than q

The proof of Section A.1.1 tells us that Liwar(q) < Lyar(qew). That is, the IWAE ELBO
with the base ¢ is a lower bound to the VAE ELBO with the importance weighted ggw .
Due to Jensen's inequality and as shown in Burda et al. (2016), we know that the IWAE
ELBO is an upper bound of the VAE ELBO: Lywag(q) > Lyag(q). Furthermore, the log
marginal likelihood can be factorized into: log(p(x)) = Lvagr(q) + K L(q||p), and rearranged
to: K L(q||p) =log(p(z)) — Lvag(q). Following the observations above, we have:

K L(qew||p) = log(p(z)) — Lvaelqew] (3.7)
<log(p(z)) — Liwagr[q] (3.8)
<log(p(z)) — Lvaglq) = KL(q||p) (3.9)

Thus, KL(qew||p) < KL(q||p), meaning ggw is closer to the true posterior than ¢ in terms
of KL divergence.
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3.3 Visualizing the nonparameteric approximate pos-
terior

The TWAE approximating distribution is nonparametric in the sense that, as the true
posterior grows more complex, so does the shape of ¢y and ggyw. This makes plotting
these distributions challenging. A kernel-density-estimation approach could be used, but
requires many samples. Thankfully, equations (3.3) and (3.6) give us a simple and fast
way to approximately plot ¢ and qgyw without introducing artifacts due to kernel density
smoothing. In Algorithm 2, we provide the steps necessary for plotting ggw. To plot Grw,
we use the same algorithm but with a single function sample, i.e. S=1.

With this algorithm we can visualize how ¢y looks with different z samples. As was
shown in Fig. 3.1, we visualize different ¢y distributions and ggy in 1D. Similarly, Fig. 3.2
utilizes Algorithm 2 to visualize gz on a 2D distribution approximation problem. The base
distribution ¢ is a Gaussian. As we increase the number of samples k£ and keep the base

distribution fixed, we see that the approximation approaches the true distribution.

True posterior k=1 k=10 k =100

&\
S A

Figure 3.2: qgw approximations to a complex true distribution. As k grows, this approxima-
tion approaches the true distribution.

3.4 Resampling for prediction

When training a VAE with the IWAE ELBO, we sample the ¢ distribution and the objective
implicitly weights the samples (as seen in Eqn. 3.2). After training, in order to sample from
the implicit ¢ distribution, we need to explicitly reweight samples from ¢. In other words,

we trained the model with ggw (z|x), thus we need to sample ggw (z|2) in order to sample
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the approximate posterior of the model properly. The procedure to sample from gpy (z|z) is

shown in Algorithm 1. It is equivalent to sampling-importance-resampling (SIR).

Real Sample q(z|z)

Figure 3.3: Reconstructions of MNIST samples from ¢(z|z) and ggw . The model was trained
by maximizing the IWAE ELBO with K=50 and 2 latent dimensions. The reconstructions
from q(z|x) are greatly improved with the sampling-resampling step of gpy .

In figure 3.3, we demonstrate the need to sample from ggy (z|z) rather than the base
distribution ¢(z|x) for reconstructing MNIST digits. We trained the model to maximize
the IWAE ELBO with K=50 and 2 latent dimensions, similar to Appendix C in Burda
et al. (2016). When we sample from ¢(z|z) and reconstruct the samples, we see a number
of anomalies. However, if we perform the sampling-resampling step (Alg. 1), then the
reconstructions are much more accurate. The intuition here is that we trained the model with
gew with K = 50 then sampled from ¢(z|z) (¢ggw with K = 1), which can be very different

distributions, as seen in Fig. 3.2.

3.5 Discussion

Bachman and Precup (2015) also showed that the IWAE objective is equivalent to stochastic
variational inference with a proposal distribution corrected towards the true posterior via
normalized importance sampling. We build on this idea by further examining ¢,y and by
providing visualizations to help better grasp the interpretation. This work also informs
readers on how to properly plot and sample from the approximate posterior of the model
trained with IWAE.

Our work covered a number of marginal log-likelihood lower bounds, so to summarize our
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observations, the following is the ordering of lower bounds given specific proposal distributions,

logp(x) > Lvaglgew] > E.,. sonqcle) [Lvaeldiw (2|226)]] = Liwagld] > Ly agld]

In light of this, IWAE can be related to approaches which increase the complexity of the
approximate distribution ¢, such as Normalizing Flows (Rezende and Mohamed, 2015),
Variational Boosting (Miller et al., 2016) or Hamiltonian variational inference (Salimans et al.,
2015) and others mentioned in section 2.2. With this interpretation in mind, we can possibly
generalize Gy to be applicable to other divergence measures. An interesting avenue of future
work is the comparison of IW-based variational families with alpha-divergences or operator
variational objectives.

This work also has connections to multi-sample sequential VAE models (Naesseth et al.,
2018; Maddison et al., 2017; Le et al., 2018). In order to avoid particle degeneracy as time
increases, these models re-weight and sample their particles at intermediate timesteps. In
other words, they sample their intermediate importance weighted distribution following Alg.
1, so that low weight particles are not expanded.

Our work also nicely complements work that analyzed the variance of the gradient of
the inference network. In Rainforth et al. (2018), they show that using the IWAE bound
can be detrimental to learning because it reduces the signal-to-noise ratio of the gradient
estimator for the inference network. From the perspective of our work, this occurs because
with large k, the approximate posterior qgy approaches the true posterior, thus reducing the
need to fit the base distribution ¢(z|z) to the true posterior p(z|x). Further work (Tucker
et al., 2019) has demonstrated that this can be remedied by a second application of the

reparameterization trick, resulting in a reduction in the variance of the gradients.
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3.6 Detailed Derivations

3.6.1 Detailed derivation of the equivalence of VAE and IWAE

bound

Here we show that the expectation over zs..

.z, of the VAE lower bound with the unnomalized

importance-weighted distribution Grw, Lvag|@iw(z|22:)], is equivalent to the IWAE bound

with the original ¢ distribution, Liwag|q]-

E.,. zomq(zle) [EVAE[GIW (2] 22:6)]] = sy 2mq(zle) [/ qrw (z|z, z2:1,) log ( p— |x o) > dz| (3.10)
- EZQ...szq(z\x) /qIW(Z"rv zQZk) log p(x > ) (3 11)
- Z 1 QEZ'LT;;
~ p(x, 2
= Ezg...zkwq(z\x) /QIW( |.Z‘ 22:k IOg ( Z |.’IJ ) dz (3 12)
[, L ple, )
= Ezg...zkwq(z\:v) /k‘qu‘rq(dm) log ( Z 7 > dz
p(:r,Z‘) k i
z Zj:l q(szjc) P q(zi|x)
(3.13)
| pgz’Tlg 1 p(x, zi)
= E@---%Nf](z\iv) / k%Q(zlu) log ( Z . ) dz
A= 2 ol
(3.14)
A,
= Ezl...zkwq(z\x) — Ix . g ( Z e ) (3.15)
S B ki al)
Z?:l pgf’.\zig 1 p(z, 2)
= Ezl...zkwq(z\x) k 2 sz S Z 7 . (316)
Yh, dems A\ R alale)
i k
=E log | — 1
21...2~q(z|x) - g (k’ ZZ; Q(Zz|$) >] (3 7)
= Liwaglq]

(3.14): Change of notation z = z;.

(3.16): z has the same expectation as z; so we can replace k with the sum of k terms.
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3.6.2 Proof that ¢z is a normalized distribution

/ g (<)) dz — / Bryoomatoy L (21 22)] dz

) bl )
= /ZEzz.--ZkMI(ZII) 1 (p(x’z) I Ek p(a:,Zj)) dz
k \ q(z|x) =2 q(zj|z)

_ [ae) ple.2) d
= m z2--zenq(zle) 7 plx,z5) :
z % <q(z |z) + Z] =2 q(zj|z) )

s
= Bong(ele) Ez...zpmq(zl2) =
1 T,z
k (p T ZJ 2 q )
e
q(z1]z
= Ezl,,,zkwq(2|1') 1 k : p(x,zj)
; (Z]:l _q<z]-|x>)
p(xrzl)
q(z1|z)

=k- Ezl 2~q(zle) | Sk p(zzs)
cee p(x’z)
25=1 a1

k o
q(z;i|T
- Z E21-~~ZkNQ(Z|9E) W
i=1 J=1 q(z]»)

ko p(z,z)
2 i1 gz)

k p(l‘,Z')
225=1 a5 1)
= E., 2zl [1]

=1

=L

21...z5~q(2|T)

(3.22): Change of notation z = z;.

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)

(3.24): z; has the same expectation as z; so we can replace k with the sum of k terms.

(3.25): Linearity of expectation.
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Chapter 4

Inference Suboptimality in

Variational Autoencoders

Amortized inference allows latent-variable models trained via variational learning to scale
to large datasets. The quality of approximate inference is determined by two factors: a)
the capacity of the variational distribution to match the true posterior and b) the ability
of the recognition network to produce good variational parameters for each datapoint. In
this chapter, we examine approximate inference in variational autoencoders in terms of
these factors. We find that divergence from the true posterior is often due to imperfect
recognition networks, rather than the limited complexity of the approximating distribution.
We also show that this is due partly to the generator learning to accommodate the choice of
approximation. Furthermore, we show that the parameters used to increase the expressiveness
of the approximation play a role in generalizing inference rather than simply improving the
complexity of the approximation.

This chapter comes from the work done in Cremer et al. (2018), which was a collaboration
between myself, Xuechen Li, and David Duvenaud. The experiments were performed by

Xuechen and myself, and the writing of the paper was done by all collaborators.
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4.1 Introduction

This chapter analyzes inference suboptimality, which is the mismatch between the true and
approximate posterior. More specifically, we are interested in understanding what factors
cause the gap between the marginal log-likelihood and the evidence lower bound (ELBO) in
variational autoencoders VAEs. We refer to this as the inference gap. Moreover, we break

down the inference gap into two components: the approximation gap and the amortization

gap.
logp(x)
Approximation
Gap

Llg"]

Amortization
Gap
L[q]

Figure 4.1: Two complementary gaps in inference

The approximation gap comes from the inability of the variational distribution family to
exactly match the true posterior. The amortization gap refers to the difference caused by
amortizing the variational parameters over the entire training set, instead of optimizing for
each training example individually. We refer the reader to Table 4.1 for the definitions of
the gaps and to Fig. 4.1 for a simple illustration of the gaps. In Fig. 4.1, L[q| refers to the
ELBO evaluated using an amortized distribution ¢, as is typical of VAE training. In contrast,
L[q*] is the ELBO evaluated using the optimal approximation within its variational family.

There has been significant work on improving variational inference in VAEs through the
development of expressive approximate posteriors (Rezende and Mohamed, 2015; Kingma
et al., 2016; Ranganath et al., 2016; Tomczak and Welling, 2016, 2017). These works have
shown that with more expressive approximate posteriors, the model learns a better distribution
over the data. Our study aims to gain a better understanding of the relationship between
expressive approximations and improved generative models.

Our experiments investigate how the choice of encoder, posterior approximation, decoder,
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Term Definition KL Formulation
Inference Gap log p(z) — L[q] KL (¢(z]2)||p(z|z))
Approximation Gap log p(x) — L[q*] KL (¢*(z|z)||p(z|z))
Amortization Gap Llg"] = Lld] KL (q(z|2)[[p(2]7)) = KL (¢* (2[2)[[p(2]x))

Table 4.1: Summary of Gap Terms. The middle column refers to the general case where our
variational objective is a lower bound on the marginal log-likelihood. The right most column
demonstrates the specific case in VAEs. ¢*(z|z) refers to the optimal approximation within a
family Q, i.e. ¢*(z|r) = argmin o KL (¢(2]2)|[p(2|7)).

and optimization affect the approximation and amortization gaps. We train VAE models in
a number of settings on the MNIST (LeCun et al., 1998), Fashion-MNIST (Xiao et al., 2017),
and CIFAR-10 Krizhevsky and Hinton (2009) datasets.

Our contributions are: a) we investigate inference suboptimality in terms of the approxima-
tion and amortization gaps, providing insight to guide future improvements in VAE inference,
b) we quantitatively demonstrate that the learned generative model accommodates the choice
of approximation, and ¢) we demonstrate that parameterized functions that improve the

expressiveness of the approximation play a significant role in reducing amortization error.

4.2 Background

4.2.1 Inference in Variational Autoencoders

This section will quickly review and highlight some background material from section 2.1.1.
Let x be the observed variable, z the latent variable, and p(z, z) be their joint distribution.
Given a dataset X = {x1, 2, ...,zx}, we would like to maximize the marginal log-likelihood

with respect to the model parameters 6:

N N
log pe(X) = Zlngg(l'i) = Zlog/pg(xi, 2;)dz;.
=1 i=1
In practice, the marginal log-likelihood is computationally intractable due to the integration

over the latent variable z. Instead, VAEs introduce an inference network g,(z|x) to approxi-

mate the true posterior p(z|z) and optimize the ELBO with respect to model parameters 6
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and inference network parameters ¢:

log p(z) = Bay e [1og (%)} KL (g (2]2) [po(z2)) (4.1)
(

> By efe) {log <7&|z§>] = Lyar(q]- (4.2)

qs(z

From the above equation, we see that the ELBO is tight when g¢4(z|z) = pp(z|z). The
choice of g4(z|x) is often a fully factorized Gaussian distribution (¢rr¢g) for its simplicity
and efficiency. By utilizing the inference network (also referred to as encoder or recognition
network), VAEs amortize inference over the entire dataset.

There are a number of strategies for increasing the expressiveness of approximate posteriors,
going beyond the original factorized-Gaussian. In this chapter we will experimenting with
normalizing flows and auxiliary variables. See section 2.2.2 and section 2.2.3 for a review of

these techniques.

4.3 Methods

4.3.1 Approximation Gap and Amortization Gap

The inference gap G is the difference between the marginal log-likelihood logp(z) and a
lower bound L[g]. Given the distribution in the family that maximizes the bound, ¢*(z|z) =
arg max,c o L[q], the inference gap decomposes as the sum of approximation and amortization

gaps:

G =logp(x) — L[g] = log p(x) — L[¢"] + L[¢"] — L]q] -

TV TV
Approximation Amortization

For VAEs, we can translate the gaps to KL divergences by rearranging Eqn. (4.1):

Gvae = KL(q"(z]2)|[p(2|7)) + KL(q(z|2)[|p(2]7)) — KL(q"(z|2)lIp(=]x)) . (4.3)

TV TV
Approximation Amortization
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4.3.2 Flexible Approximate Posteriors

Our experiments involve expressive approximations which use flow transformations and
auxiliary variables. The flow transformation that we employ is of the same type as the
transformations of Real NVP (Dinh et al., 2017). We partition the latent variable z into two,

z1 and 29, then perform the following transformations:

2y = 210 01(22) + p1(22) (4.4)

2y = 230 0a(21) + pia(21) (4.5)

where 01,09, t11, 2 : R® — R" are differentiable mappings parameterized by neural nets
and o takes the Hadamard or element-wise product. We partition the latent variable by
simply indexing the elements of the first half and the second half. The determinant of the
combined transformation’s Jacobian, |det (%—i) |, can be easily evaluated. See section A.2.3 of
the supplementary material for a derivation. The lower bound of this approximation is the
same flow bound as Eqn. (2.21). We refer to this approximation as gy -

We also experiment with an approximation that combines flow transformations and
auxiliary variables. Let z € R™ be the variable of interest and v € R™ the auxiliary variable.
The flow is the same as equations (4.4) and (4.5), where z; is replaced with z and z; with v.
We refer to this approximate distribution as g4r, where AF stands for auxiliary flow. We

train this model by optimizing the following bound:

p(x, zp)r(vp|x, zr)
)
QT(ZTa UTlx) ‘det <6z?_ZIZ:—1> ‘

= E[qAF]. (4.6)

Eqgo(z,00z) |10g

We refer readers to Section A.2 in the Supplementary material for specific details of the flow

configuration adopted in the experiments.
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4.3.3 Marginal Log-Likelihood Estimation and Evidence Lower

Bounds

In this section, we describe the estimates we use to compute the bounds of the inference
gaps: logp(x), L[q*], and L[q]. We use two bounds to estimate the marginal log-likelihood,
log p(z): IWAE (Burda et al., 2016) and AIS (Neal, 2001).

As explained in section 2.2.1, the IWAE bound takes multiple importance weighted
samples from the variational ¢ distribution resulting in a tighter lower bound than the VAE

bound. The IWAE bound is computed as:
)] )

As the number of importance samples approaches infinity, the bound approaches the marginal

k

logp(z) > E... zi~q(zlo) llog <E Z z)

— q(zil

= Liwar [C_I] .

log-likelihood. It is often used as an evaluation metric for generative models (Burda et al., 2016;
Kingma et al., 2016). AIS is potentially an even tighter lower bound. AIS weights samples
from distributions which are sequentially annealed from an initial proposal distribution to
the true posterior. See Section A.2.4 in the Supplementary material for further details
regarding AIS. To compute the AIS bound, we use 100 chains, each with 10000 intermediate
distributions, where each transition consists of one HMC trajectory with 10 leapfrog steps.
The initial distribution for AIS is the prior, so that it is encoder-independent.

We estimate the marginal log-likelihood by independently computing our tightest lower

bounds then take the maximum of the two:

log p(z) = max(Las, Liwar)-

The L[g*] and L[q] bounds are the standard ELBOs, Lyag, from Eqn. (4.2), computed with
either the amortized ¢ or the optimal ¢* (see below). When computing Lyag and Liwag, we

use 5000 samples.
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4.3.4 Local Optimization of the Approximate Distribution

To compute Lyag|q*], we optimize the parameters of the variational distribution for every
datapoint. For the local optimization of the fully factorized approximate posterior (¢rrg), we
initialize the mean and variance as the prior, i.e. N'(0, ). We optimize the mean and variance
using the Adam optimizer with a learning rate of 1073. To determine convergence, after
every 100 optimization steps, we compute the average of the previous 100 ELBO values and
compare it to the best achieved average. If it does not improve for 10 consecutive iterations
then the optimization is terminated. For the more complex approximate posteriors (qriow
and gar), the same process is used to optimize all of its parameters. All neural nets for the
flow were initialized with a variant of the Xavier initialization (Glorot and Bengio, 2010).

We use 100 Monte Carlo samples when computing the ELBO to reduce variance.

4.3.5 Validation of Bounds

The soundness of our empirical analysis depends on the reliability of the marginal log-
likelihood estimator. For general importance sampling based estimators, the sample variance
of the normalized importance weights can serve as an indicator of accuracy (Geweke, 1989;
Neal, 2001). This quantitative measure, however, can also be unreliable, e.g. when the
proposal misses an important mode of the target distribution (Neal, 2001).

In this work, we follow Wu et al. (2017) to empirically validate our AIS estimates with
Bidirectional Monte Carlo (BDMC, Grosse et al. (2015, 2016)). In addition to a lower bound
provided by AIS, BDMC runs AIS chains backward from exact posterior samples to obtain
an upper bound on the marginal log-likelihood. It should be noted that BDMC relies on the
assumption that the distribution of the simulated data from the model roughly matches that
of the real data. This is because the backward chain initializes from exact posterior samples
(Grosse et al., 2015).

For the MNIST and Fashion datasets, BDMC gives a gap within 0.1 nat for a linear
schedule AIS with 10* intermediate distributions and 100 importance samples on 103 simulated
datapoints. For 3-BIT CIFAR, the same AIS setting gives a gap within 1 nat with the

sigmoidial annealing schedule (Grosse et al., 2015) on 100 simulated datapoints. Loosely
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speaking, this should give us confidence in how well our AIS lower bounds reflect the marginal

log-likelihood computed on the real data.

4.4 Related Work

Much of the earlier work on variational inference focused on optimizing the variational
parameters locally for each datapoint, e.g. the original Stochastic Variational Inference
scheme (SVI, Hoffman et al. (2013)). To scale inference to large datasets, most related works
utilize inference networks to amortize the cost of inference over the entire dataset. Our work
analyses the error that these inference networks introduce.

Most relevant to our work is the recent work of Krishnan et al. (2018), which explicitly
remarks on two sources of error in variational learning with inference networks, and proposes
to optimize approximate inference locally from an initialization output by the inference
network. They show improved training on high-dimensional, sparse data with the hybrid
method, claiming that local optimization reduces the negative effects of random initialization
in the inference network early on in training. Thus their work focuses on reducing the
amortization gap early on in training. Similar to this idea, Hoffman (2017) proposes to
perform approximate inference during model training with MCMC at an initialization given
by a variational distribution. Our work provides a means of explaining these improvements

in terms of the sources of inference suboptimality that they reduce.

4.5 Experimental Results

4.5.1 Intuition through Visualization

To begin, we would like to gain an intuitive visualization of the gaps presented in Section
4.3.1. To this end, we trained a VAE with a factorized Gaussian approximation and a
two-dimensional latent space on MNIST. In Fig. 4.2 we show contour plots of various
distributions in the latent space. The first row contains contour plots of the true posteriors
p(z|x) for four different training datapoints (columns A, B, C, D). See section A.2 for details
regarding plotting p(z|x). We selected four datapoint examples to highlight different inference
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phenomena. The amortized factorized Gaussian row refers to the output of the recognition
net, in this case, a factorized Gaussian approximation. Optimized Factorized Gaussian is a
Gaussian that we’ve optimized to fit the posterior of the datapoint. Similarly, Optimized

Flow is a flow distribution that has been fit to the posterior distribution for each datapoint.

A B C D
True . ©
Posterior &
0
Amortized A — o
Factorized Gaussian @\ < @ ®
{‘_
®
Optimized - a
Factorized Gaussian @ \@» O @
- \

Optimized Flow @ @ 0 f

Figure 4.2: True Posterior and Approximate Distributions of a VAE with 2D latent space. The
columns represent four different datapoints. The green distributions are the true posterior distribu-
tions, highlighting the mismatch with the blue approximations. Amortized: Variational parameters
learned over the entire dataset. Optimized: Variational parameters optimized for each individual
datapoint. Flow: Using a flexible approximate distribution, g4, defined in Eqn. 4.6.

In Fig. 4.2, Posterior A is an example of a distribution where a factorized Gaussian can fit
relatively well. Posterior B is an example of a posterior with dependence between dimensions,
demonstrating the limitation of having a factorized approximation. Posterior C highlights a
shortcoming of performing amortization with a limited-capacity recognition network, where
the amortized factorized Gaussian shares little support with the true posterior. In this case,
the amortization gap would be large and the approximation gap would be low. Posterior D is
a bi-modal distribution which demonstrates a scenario where the approximation gap would be
relatively high and it demonstrates the ability of the flexible approximation to fit to complex

distributions, in contrast to the simple Gaussian approximation. These observations raise the
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MNIST Fashion-MNIST 3-BIT CIFAR
4drrG dAr 4drra qAF 4drrG qAF
log p(z) -89.80 -88.94 -97.47 -97.41 -816.9 -820.56
Lyvaslqir] -90.80 -90.38 -98.92 -99.10 -820.19 -822.16
Lyvar[Trra] -91.23 -113.54 -100.53 -132.46 -831.65 -861.62
Lyvarlq] -92.57 -91.79 -104.75 -103.76 -869.12 -864.28
Approximation Gap  1.43 1.44 3.06 1.69 14.75 1.60
Amortization Gap 1.34 1.41 4.22 4.66 37.47 42.12
Inference Gap 2.77 2.85 7.28 6.35 52.22 43.72

Table 4.2: Inference Gaps. The columns qrrg and qar refer to the variational distribution
used for training the model. These lower bounds are computed on the training set and are in
units of nats.

following question: in more typical VAEs, is the amortization of inference the leading cause

of the distribution mismatch, or is it the limited expressiveness of the approximation?

4.5.2 Amortization vs Approximation Gap

In this section, we compare how much the approximation and amortization gaps each
contribute to the total inference gap. The VAE models for the experiments on MNIST and
Fashion-MNIST have the same architecture and we use similar models as is used in Burda
et al. (2016). The encoder has two hidden layers with 200 units each. The generator is the
reverse of the encoder. For the CIFAR experiments, the inference network consists of three
4 by 4 convolution layers, then a fully-connected layer outputs the 50-dimensional mean
and log-variance of the latent variable. Similarly, the generator is the reverse of the encoder
but where we use deconvolutional layers instead of convolutions. The activation function is
chosen to be the exponential linear unit (ELU, Clevert et al. (2016)), as we observe improved
performance compared to tanh. The latent space has 50 dimensions. We follow the same
learning rate schedule and train for the same amount of epochs as described by Burda et al.
(2016). All models are trained with a batch-size of 100 with ADAM. For more architectural
details, see section A.2.

Table 4.2 are results of inference on the training set of MNIST, Fashion-MNIST and
3-BIT CIFAR (a binarized version of CIFAR-10, see Section A.2 for details). For each

dataset, we trained models with two different approximate posterior distributions: a fully-
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factorized Gaussian, qrprg, and the flexible distribution, ¢4r. Due to the computational cost
of optimizing the local parameters for each datapoint, our evaluation is performed on a subset
of 1000 datapoints for MNIST and Fashion-MNIST and a subset of 100 datapoints for 3-BIT
CIFAR.

For MNIST, we see that the amortization and approximation gaps each account for nearly
half of the inference gap. On the more difficult Fashion-MNIST dataset, the amortization gap
is larger than the approximation gap. For CIFAR, we see that the amortization gap is much
more significant compared to the approximation gap. Thus, for the three datasets and model
architectures that we consider, the amortization gap is likely to be the more prominent cause
of inference suboptimality, especially when the dataset becomes more challenging to model.
This indicates that improvements in inference will likely be a result of reducing amortization

error, rather than approximation errors.

Increased Encoder Capacity

With these results in mind, would simply increasing the capacity of the encoder improve the
amortization gap? We examined this by training the MNIST and Fashion-MNIST models
from above but with larger encoders. In the large encoder setting, we change the number
of hidden units for the inference network to be 500, instead of 200 in the standard model.
Table 4.3 are the results of this experiment. Comparing to Table 4.2, we see that, for both
datasets and both variational distributions, using a larger encoder results in the inference

gap decreasing and the decrease is mainly due to a reduction in the amortization gap.

MNIST Fashion-MNIST
4drFrG dAr drrG dAr
log p(z) -89.61 -88.99 -95.99 -96.18
) -90.65 -90.44 -97.40 -97.91
Lyas|@re) -91.07 -108.71 -99.64 -129.70
Lyarlq] -92.18 -91.19 -102.73 -101.67
Approximation Gap  1.46 1.45 3.65 1.73
Amortization Gap 1.11 0.75 3.09 3.76
Inference Gap 2.56 2.20 6.74 5.49

Table 4.3: Larger Encoder results. The columns gqrpg and gar refer to the variational
distribution used for training the model. The lower bounds are computed on the training set
and are in units of nats.
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4.5.3 Influence of Flows on the Amortization Gap

The common reasoning for increasing the expressiveness of the approximate posterior is to
minimize the difference between the true and approximate distributions, i.e. reduce the
approximation gap. However, given that the expressive approximation is often accompanied
by many additional parameters, we would like to know how much influence it has on the
amortization error.

To investigate this, we trained a VAE on MNIST, discarded the encoder, then retrained
encoders with different approximate distributions on the fixed decoder. We fixed the decoder so
that the true posterior is constant for all the retrained encoders. The initial encoder was a two-
layer MLP with a factorized Gaussian distribution. In order to emphasize a large amortization
gap, the retrained encoders had no hidden layers (ie. just linear transformations). For the
retrained encoders, we tested three approximate distributions: fully factorized Gaussian

(qrrq), auxiliary flow (gay), and Flow (ggow). See Section 4.3.2 for the details of these

distributions.
Variational Family qrrc JAF  QFlow
log p(x) -84.70 -84.70 -84.70
Lyaglq’] -86.61 -85.48 -85.13
Lvag[q] -129.83 -98.58 -97.99
Approximation Gap 1.91 0.78 0.43
Amortization Gap 43.22  13.10 12.86
Inference Gap 45.13  13.88 13.29

Table 4.4: Influence of expressive approximations on the amortization gap. The parameters
used to increase the flexibility of the approximate distribution also reduce the amortization

gap.

The inference gaps of the retrained encoders on the training set are shown in Table 4.4.
As expected, we observe that the small encoder with ¢rrg has a very large amortization gap.
However, when we use g4r or ¢r. as the approximate distribution, we see the approximation
gap decrease, but more importantly, there is a significant decrease in the amortization gap.
This indicates that the parameters used for increasing the complexity of the approximation
also play a large role in diminishing the amortization error.

These results are expected given that the parameterization of the Flow distribution can be
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interpreted as an instance of the RevNet (Gomez et al., 2017) which has demonstrated that
Real-NVP transformations (Dinh et al., 2017) can model complex functions similar to typical
MLPs. Thus the flow transformations we employ should also be expected to increase the
expressiveness of the approximation while also increasing the capacity of the encoder. The
implication of this observation is that models which improve the flexibility of their variational
approximation, and attribute their improved results to the increased expressiveness, may

have actually been due to the reduction in amortization error.

4.5.4 Influence of Approximate Posterior on True Posterior

To what extent does the posterior approximation affect the learned model? Turner and Sahani
(2011) studied the biases in parameter learning induced by the variational approximation when
learning via variational Expectation-Maximization. Similarly, we ask whether a factorized
Gaussian approximation causes the true posterior to be more like a factorized Gaussian?
Burda et al. (2016) visually demonstrate that when trained with an importance-weighted
approximate posterior, the resulting true posterior is more complex than those trained with
factorized Gaussian approximations. Just as it is hard to evaluate a generative model by
visually inspecting samples, it is hard to judge how “Gaussian” the true posterior is by visual
inspection. We can quantitatively determine how close the posterior is to a fully-factorized
Gaussian (FFG) by comparing the marginal log-likelihood estimate log p(z) and the Optimal
FFG bound Lvag[¢ype]- This is equivalent to estimating the KL divergence between the
optimal Gaussian and the true posterior, KL (¢*(z|z)||p(z|z)).

In Table 4.2, the results on MNIST for the FFG trained model show that KL (¢*(z|z)||p(z|z))
is nearly the same for both ¢p. and ¢j,. In contrast, on the model trained with gap,
KL (¢*(z|z)||p(2|z)) is much larger for ¢}z, than ¢}. This suggests that the true posterior
of a FFG-trained model is closer to FFG than the true posterior of the Flow-trained model.
The same observation can be made on the Fashion-MNIST dataset. This implies that the
decoder can learn to have a true posterior that fits better to the approximation.

These observations justify our results of Section 4.5.2. which showed that the amortization
error is often the main cause of inference suboptimality. One reason for this is that the

generator accommodates the choice of approximation, thus reducing the approximation error.
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Increased Decoder Capacity

Given that we have seen that the generator can accommodate the choice of approximation,
our next question is whether a generator with more capacity increases its ability to fit to the
approximation. To this end, we trained VAEs with decoders of different sizes and measured
the approximation gaps on the training set. Specifically, we trained decoders with 0, 2, and
4 hidden layers on MNIST. The encoder of each model was the same size: 2 hidden layers.
See Table 4.5 for the results. We see that as the capacity of the decoder increases, the
approximation gap decreases. This result suggests that the more flexible the generator is, the

less flexible the approximate distribution needs to be to ensure accurate inference.

Generator Hidden Layers 0 2 4
log p(z) -100.52 -84.78 -82.19
Lyvar[Trrc] -104.42 -86.61 -83.82
Approximation Gap 3.90 1.83 1.63

Table 4.5: Increased decoder capacity reduces the approximation gap.

4.5.5 Generalization of Amortized Inference on Held-Out Data

How well does amortized inference generalize at test time? We address this question by
visualizing the gaps on training and validation datapoints across the training epochs. In
Fig. 4.3, the models are trained on 50000 binarized Fashion-MNIST datapoints and the gaps
are computed on a subset of a 100 training and validation datapoints. The top and bottom
boundaries of the blue region represent log p(xz) and L[¢*]. The bottom boundary of the
orange region represents L[g]. In other words, the blue region is the approximation gap and
the orange is the amortization gap.

In Fig. 4.3, the ‘Gaussian Approximate Posterior’ model (top left) is a VAE with latent
size 20 and the encoder and decoder both have two hidden layers each consisting of 200
hidden units. The ‘Flow Approximate Posterior’ model (top right) augments the previous
model with a ggy,, variational distribution. ‘Larger Decoder’ and ‘Larger Encoder’ models
have factorized Gaussian approximate posteriors and increase the number of hidden layers to
three and the number of units in each layer to 500.

Firstly, we observe that for all models, the approximation gap on the training and
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Figure 4.3: Inference gaps over epochs trained on binarized Fashion-MNIST. Blue is the
approximation gap. Orange is the amortization gap. Standard is a VAE with FFG approxi-
mation. Flow is a VAE with a Flow approximation.

validation sets are roughly equivalent. This indicates that the true posteriors of the held-out
data are similar to that of the training data. Secondly, we note that for all models, the encoder
overfits more than the decoder. These observations resonate with the encoder overfitting
findings by Wu et al. (2017).

How does increasing decoder capacity affect inference on held-out data? We know from
Section 4.5.4 that increasing generator capacity results in a posterior that better fits the
approximation making posterior inference easier. Furthermore, the Larger Decoder plot of
Fig. 4.3 shows that increasing generator capacity causes the model to be more prone to

overfitting. Thus, there is a tradeoff between ease of inference and decoder overfitting.

Encoder Capacity and Approximation Expressiveness

We have seen in Sections 4.5.2 and 4.5.3 that expressive approximations as well as increasing
encoder capacity can lead to a reduction in the amortization gap. This leads us to the following
question: when should we increase encoder capacity versus increasing the expressiveness of
the approximation? We answer this question in terms of how well each model can generalize
its efficient inference (recognition network and variational distribution) to held-out data.

In Fig. 4.3, we see that the Flow model and the Larger Encoder model achieve similar
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MNIST Fashion-MNIST
drra dAr drrG dAr
log p(z) -89.82 -89.52 -102.56 -102.88
Lyaeldir] -90.96 -90.45 -103.73 -104.02
Lyvar[@rrea] -90.84 -92.25 -103.85 -105.80
Lyarlq] -92.33 -91.75 -106.90 -107.01
Approximation Gap  1.02 0.93 1.29 1.14
Amortization Gap 1.49 1.30 3.05 2.29
Inference Gap 2.51 2.23 4.34 4.13

Table 4.6: Models trained without entropy annealing. The columns grpg and gar refer to the
variational distribution used for training the model. The lower bounds are computed on the training
set and are in units of nats.

log p(z) on the validation set at the end of training. However, we see that the L[q] bound
of the Larger Encoder model is significantly lower than the £[g] bound of the Flow model
due to the encoder overfitting to the training data. Although they both model the data
nearly equally well, the recognition net of the Larger Encoder model is no longer suitable
to perform inference on the held-out data due to overfitting. Thus a potential rational for
utilizing expressive approximations is that they improve generalization to held-out data in
comparison to increasing the encoder capacity.

We highlight that, in many scenarios, efficient test time inference is not required and
consequently, encoder overfitting is not an issue, since we can use non-efficient encoder-
independent methods to estimate log p(x), such as AIS, IWAE with local optimization, or
potentially retraining the encoder on the held-out data. In contrast, when efficient test time
inference is required, encoder generalization is important and expressive approximations are

likely advantageous.

4.5.6 Annealing the Entropy

Typical warm-up (Bowman et al., 2016; Sgnderby et al., 2016) refers to annealing the
KL (q(z|x)||p(2)) term of the VAE objective so that we begin by only optimizing p(z|z).
This can also be interpreted as performing maximum likelihood estimation (MLE) early on
during training. This optimization technique is known to help prevent the latent variable

from degrading to the prior (Burda et al., 2016; Sgnderby et al., 2016). We employ a similar
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annealing scheme during training by annealing the entropy of the approximate distribution:

]Ezwq(z\z) [logp(xu Z) - /\IOg Q(2|m)] )

where A is annealed from 0 to 1 over training. This can be interpreted as maximum a
posteriori (MAP) in the initial phase of training.

We find that warm-up techniques, such as annealing the entropy, are important for
allowing the true posterior to be more complex. Table 4.6 are results from a model trained
without the entropy annealing schedule. Comparing these results to Table 4.2, we observe
that the difference between Lyag[¢hpe] and Lyag|qhp] is significantly smaller without entropy
annealing. This indicates that the true posterior is more Gaussian when entropy annealing is
not used. This suggests that, in addition to preventing the latent variable from degrading to
the prior, entropy annealing allows the true posterior to better utilize the flexibility of the

expressive approximation.

4.6 Conclusion

This chapter investigated how encoder capacity, approximation choice, decoder capacity, and
model optimization influence inference suboptimality in terms of the empirical approximation
and amortization gaps. We discovered that the amortization gap can be a leading source to
inference suboptimality and that the generator can reduce the approximation gap by learning
a true posterior that fits to the choice of approximation. We showed that the parameters used
to increase the expressiveness of the approximation play a role in generalizing inference rather
than simply improving the complexity of the approximation. We confirmed that increasing
the capacity of the encoder reduces the amortization error. Additionally, we demonstrated
that optimization techniques, such as entropy annealing, help the generative model to better
utilize the flexibility of expressive variational distributions. Analyzing these gaps can be
useful for guiding improvements in VAEs. Future work includes evaluating other types of

expressive approximations, more complex likelihood functions, and datasets.
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Chapter 5

Aggregate Posteriors and the
Vision-Language VAE

In the previous chapters, we investigated inference in VAE models which generated a single
data modality: images. What if we wanted to generate data from two data modalities using a
single latent variable? In this chapter, we study joint latent variable models of two modalities:
images and text (Vision-Language VAE). A common task for these multimodal models is to
perform conditional generation; for instance, generating an image conditioned on text. This
can be achieved by sampling the posterior of the text then generating the image given the
latent variable. However, we find that a problem with this approach is that the posterior of
the text does not match the aggregate of the image posteriors corresponding to that text.
The result is that the generated images are either of poor quality or don’t match the text.
A similar problem is also encountered in the mismatch between the prior and the marginal
aggregate posterior. In this chapter, we highlight the importance of learning aggregate
posteriors when faced with these types of distribution mismatches. We demonstrate this on
modified versions of the CLEVR and CelebA datasets.

This chapter comes from the work done in Cremer and Kushman (2018), which was a
collaboration between myself and Nate Kushman. In that work, I produced the results and

both of us wrote the paper.
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& e w

Figure 5.1: Graphical model of a Vision-Language VAE, where X represents images, Y represents
text, and Z represents the latent variable. We use three words (Y7, Y2, Y3) to represent the auto-
regressive text decoder, but in practice the model can generalize to any number of words.

5.1 Introduction

In this chapter, we are interested in learning distributions over multiple data modalities.
We can form a joint distribution over the modalities by introducing a latent variable. By

marginalizing out the latent variable, we aim to maximize the following joint probability:

p(r,y) = /p(ﬂzy,Z) dz (5.1)

In this work, we will be exploring latent variable models of images and text. We combine
both modalities by utilizing a single latent variable for both the text and images to share. We
refer to our VAE that generates both images and text as a Vision-Language VAE (VLVAE).
This model includes two decoders: one for images and one for text, where the text decoder
is auto-regressive. See Fig. 5.1 for the graphical model of a VLVAE, where X represents
images, Y represents text, and Z represents the latent variable. The text Y is represented as
a sequence of words (not characters) and the vocabulary consists of a set of words for the
specific task.

With a joint model such as the above VLVAE, we can perform a number of tasks, such as
generation and density estimation of: images p(x), text p(y), image-text pairs p(x,y), and
conditional generation and density estimation of images given text p(z|y) and text given
images p(y|x). This chapter explores a number of these tasks.

Through our experiments, we made an important observation regarding the inference for
conditional generation. We found that, in practice, there is a mismatch between the text

posterior and the aggregate of the image posteriors corresponding to the same text. In other
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words, the problem is that

p(zly) # Eppaly) [p(2]2)]

where pp(x|y) is the data distribution of images x for a given text y. The reason that this is
a significant problem is that if we sample the posterior for some text p(z|y), then generate

images with p(z|z), these images will potentially be either of poor quality or unrelated to y.

— p(zly =tl)

— p(zly =t2)

EpD(x|y=t1) [Q(le)]

/‘Tm \ Epp(xly=t2)[9(z]x)]

Figure 5.2: 2D Visualization of the distribution mismatch between the posterior for a text statement
and the aggregate posterior of the corresponding images. The lines show the level sets of the text
posterior, p(z|y), for two different text statements, one in blue and the other in green. The
shading represents the approximate aggregate posterior of the images corresponding to the text,

IlE’p,:)(aﬂy) [q(Z|fL‘)]

Fig. 5.2 demonstrates this mismatch by visualizing the posterior of two different texts,
t1 and t2, and the aggregate of the image approximate posteriors corresponding to those
texts. The VLVAE model was trained with a latent size of 2 dimensions so that it could
be visualized. The contour lines represent level sets of density for the text posteriors. The
shading areas represent the aggregate of the image posteriors corresponding to those texts.
We can see that these distributions are not equivalent and that there are many holes in the
aggregate posterior, which means that if we sample p(z|y), then we could be sampling a z

that has low probability under the aggregate posterior, resulting in images which do not
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match the given text or images of poor quality. See section A.3.4 for more details regarding
Fig. 5.2.

This problem is very similar to the prior mismatch problem: p(z) # E,,(») [p(2|2)]. There
have been steps towards improving this problem by either learning the prior during training
(Tomczak and Welling, 2018) or learning more flexible posteriors (Rezende and Mohamed,
2015; Makhzani et al., 2015; van den Berg et al., 2018; Takahashi et al., 2018). In this chapter,
we highlight this distribution mismatch problem in multimodal latent variable models and
explore the benefit of learning aggregate posteriors with flow distributions. We also relate
this approach to other multimodal VAE objectives, such as JMVAE (Suzuki et al., 2016) and
TELBO (Vedantam et al., 2018).

Datasets

We perform experiments on two datasets. The first dataset has images of two objects and
a corresponding text which describes the image. We call this dataset Two Object CLEVR,
because its a modified version of the CLEVR dataset (Johnson et al., 2017). The images have
dimensions: [112,112,3]. The text consists of nine words, where the first four words describe
one object and the last four words describe the second object. The middle word describes
the spatial relationship of the two objects (ex: right, left, front, back). The second dataset
is the CelebA dataset (Liu et al., 2015), which contains images of faces and a sequence of
words describing the face. See Fig. 5.3 for an example from each dataset and see section
A.3.2 for more details regarding the datasets. We chose to use these simple datasets in order
to quickly test and iterate new models as well as to be able to more easily understand the

mistakes made by the models.

Straight_Hair
Receding_Hairline
Mouth_Shghtly Open

Gray_Hair
large purple rubber cube 1y
behind Smiling
small blue metal cube Male

Figure 5.3: Example datapoints from Two Object CLEVR (left) and CelebA (right).
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5.2 Vision-Language VAE

In this work, we learn the VLVAE model of Fig. 5.1 by maximizing the following lower bound
of the joint log-likelihood:

log p(z,y) = Eq(z1a) {log P (:)3|z()]2(?i?|Jx|§)p (Z)} (5.2)

Its important to note that the text decoder p(y|z) is auto-regressive: each generated word
is conditioned on the previously generated words and the latent variable z. We chose this
because of the success that auto-regressive models have seen on text data. Notice also that
we perform inference using only images ¢(z|z). From Eqn. 5.3 we see that the objective is
the standard ELBO for the images and an image-encoder text-decoder loss for the text. In

the following sections, we will explore the significance of this objective.

Model Architecture Overview

There are three main components to the VLVAE architecture: image encoder ¢(z|z), image
decoder p(x|z), and text decoder p(y|z). The image encoder has a ResNet architecture and it
outputs the parameters of the variational distribution. For simplicity, we use a factorized
Gaussian for ¢(z|z), thus the encoder outputs the means and variances for each dimension of
the latent variable z. The latent variable has 50 dimensions and the prior p(z) is a N (0, I)
distribution. The image decoder has the inverse architecture of the image encoder and it
outputs a Beta distribution for p(x|z). The text decoder is an RNN with GRU units, which
outputs a Categorical distribution for each word. See section A.3.1 for more details about

the model and its implementation.

5.2.1 Inference with Only Images

Here we will explain how we train the model using only images for inference and how this

affects the model. By optimizing the ELBO of Eqn. 5.2, we are minimizing the following KL
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divergence:

KL (gg(2]2)|p(2]7,y)) , (5.4)

which is the KL divergence between the approximate posterior and the true posterior. If
the true posterior p(z|z,y) depends on y, then g,(z|z) will obviously be suboptimal for
modelling the posterior, since it does not depend on y. However, if the model learns not to
store information specific to the text in the latent variable, then p(z|x,y) = p(z|x) since the
posterior is conditionally independent of the text given the image. If this is the case, then
¢ (z|z) will have the potential to accurately model the true posterior.

Thus, by training the model with inference from images only, the model is incentivized
to have the true posterior be independent of text-specific information. How can p(z|x,y)
become more independent of y? It can do this by modelling the variability in y through the
auto-regressive text decoder instead of using the latent variable.

X y y

Large Green Metal Cylinder

Left
Small Brown Rubber Cylinder

NS .
z~q(z|x,y) z~q(z|x)

Large Blue Metal Cylinder
Behind
Small Gray Rubber Cylinder

X~p(x|z) 9~p(ylz) 2~p(x|z) y~p(yl2)

Large Blue Metal Cylinder
Right
Small Gray Rubber Cylinder

Large Green Metal Cylinder
Left

Small Brown Rubber Cylinder

Figure 5.4: Comparison between inference with both modalities ¢(z|z,y) (left) and inference with
images only ¢(z|z) (right). The model trained with ¢(z|x,y) learns to store text-specific information
in the latent variable, whereas the model trained with ¢(z|z) uses the auto-regressive text decoder
to model the variance in the text.
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Y1 y2 Y3 Y4 Vs

Large Green Metal Cylinder Left

10 = 10 = 10 = 10 =

z~q(z|x,y)
y~pylz) -
Large Blue Metal o Cylinder | Right
z~q(zlx) .. - -
P~p(ylz) - | | - - - | |

Figure 5.5: Decoding distribution of the first five words of the text from Fig. 5.4. Each word has a
histogram over the entire vocabulary of the text (19 words, described in section A.3.2). Top row is
from a model trained with ¢(z|x,y) and bottom row is from a model trained with g(z|x). Black bar
indicates sampled word whereas blue bar indicates non-sampled words.

Comparison of image-only and image-text inference

To see the difference between inference with images only ¢(z|z) and inference with both
modalities ¢(z|z,y), we trained two VLVAESs using each type of inference. Fig. 5.4 shows
image and text samples from each model. On the left is a model trained with ¢(z|z,y). We can
see that the text reconstruction is identical to the text input. In contrast, the model trained
with ¢(z|z) (right) changes the word ‘Behind’ to ‘Right” when reconstructing, which are both
valid relational words for this image. This is an indication that the text-specific information
is not contained in the latent variable and is instead modelled with the auto-regressive text
decoder.

To better understand the changes in text reconstruction, we can observe the histograms
over the vocabulary for each word sampled from the model. The top row of Fig. 5.5 shows
the histograms for the first five words sampled from the ¢(z|z,y) trained model, and we see
that there is no uncertainty in these distributions. In comparison, for the ¢(z|z) trained
model there is uncertainty in both the first word and the relational word. The uncertainty
in the first word comes from the ambiguity of which object is being referred to first. The

uncertainty in the relational word is due to there being two valid words describing the relation
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between the objects.

These comparisons show how changing the information given for inference can cause
changes in model behaviour: in this case, the auto-regressive text decoder models the
uncertainty in the word sequence instead of using the latent variable.

See Fig. 5.6 for another demonstration of the text distribution produced by the RNN
decoder when the model is trained with image-only inference. This figure shows a model
trained on the CelebA dataset, where there is substantial uncertainty in the ordering of words
given an image. This uncertainty is reflected in the histograms the RNN outputs for each

word.

Why perform inference with only images?

There are a few reasons we chose to use only images for approximate inference. Firstly,
training with image-only inference reduces the ambiguity on how the text-specific information
is modelled. If we used g(z|z, y) to train the model, then both the latent variable and the RNN
could model the text. However, when using image-only inference, it forces the auto-regressive
text decoder to model the text-specific information. The text-specific information includes
the syntax and the ordering of the words. This is similar in spirit to the work of Chen et al.
(2016), where they hinder the auto-regressive decoder such that it can only model local image
features (ex: fine details) so that the latent variable represents global features (ex: image
label). In our case, we limit the information provided to the inference network so that the
auto-regressive decoder must model what the latent variable misses.

Another reason is that it’s one fewer network that needs to be trained. We only need to
train ¢(z|z) and ¢(z|y) in order to perform inference for images and text. If we performed
inference with ¢(z|z,y) then that would be an extra network to train.

A final reason to use inference with only images is to help ‘entangle’ the shared concepts
in the image and text. For example, the blue pixels in the image and the word ‘blue’ represent
the same information, yet if we perform inference with ¢(z|x,y), they could end up encoded
separately within the latent space. However, when using ¢(z|x) for inference, the concepts

are forced to share the same representation.
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Figure 5.6: Sample from a VLVAE model on CelebA. The image on the left is an image from the
dataset. Using this image, we sample from the approximate distribution ¢(z|x), then generate an
image & and text . The blue bars are the text decoding histogram for each word. The black bar
indicates the sampled word which is also printed above the histogram. We can see that since the
latent space does not contain information specific to the text, there is uncertainty in the ordering of
the attributes.

5.2.2 Conditional Generation

To generate images conditioned on text, we must learn to perform inference with text. To
perform approximate inference with only text, we can learn g,(2|y) such that it approximates

the true posterior p(z|y). This is achieved by optimizing the following lower bound:

log p(y) = Eq,(zy) {10% <M)] (5.5)

q4(2|y)

Importantly, when optimizing this lower bound, optimization is done wrt ¢ only, not the
model parameters of p(y|z), which are trained with Eqn. 5.2.

Now that we've trained q(z|z), q(z|y), p(x|z), and p(y|z), with Eqns. 5.2 and 5.5 we can
generate conditionally. For instance, to generate images given text, we can infer and sample
z ~ q(z|y), then generate images with p(z|z).

See Fig. 5.7 for example image samples conditioned on text. As can be seen, the images
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z~q(zly) x~p(x|zy) x~p(x|z) x~p(x|z3)

Large Brown Rubber Sphere
Front
Small Brown Rubber Cylinder

Large Brown Metal Sphere
Front
Small Gray Metal Cylinder

Large Red Rubber Cube
Left
Large Purple Rubber Sphere

Figure 5.7: Example conditional samples p(x|y) where g(z|y) is trained to approximate the true
posterior with Eqn. 5.5. The images are conditioned on the text on the left. There are three latent
variable samples (21, 22, z3) per text. As can be seen, the images are of poor quality, which motivates
the use of learning the aggregate posterior.

generated from latent variable samples from g4(z|y) are of poor quality. We hypothesize
that this problem is due to the mismatch between the aggregate of the image posteriors
and the text posterior. One source of this mismatch comes from using multiple decoders to
generate the multiple modalities. Since the decoders share the same latent variable and the
decoders do not generalize in the same way, this causes their posteriors to differ resulting in
this distribution mismatch problem.

The text inference network ¢(z|y) is trained with Eqn. 5.5, thus it is minimizing the

following divergence:

KL (g5(2[y)l[po(=y)) , (5.6)

which is the approximate posterior trying to match the true posterior of the text. Instead,
we think it should approximate the aggregate of the image posteriors for that text. In the

next section, we will investigate this problem.
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5.3 Learning the Aggregate Posterior

Rather than optimizing ¢s(z|y) to approximate the true posterior p(z|y), we can train
¢s(z]y) to approximate the aggregate of the image posteriors corresponding to the same
y: Epp(aly) [P(2]2)], where pp(z|y) is the dataset of images = with the corresponding text y.
Since we don’t have access to the true posterior p(z|z), we will instead model the aggregate
of the image approximate posteriors:

() = Bypiaiy [a(e0)] = 5 3" alele), 7 ~ po(aly) (57)

i=1

We can learn to approximate ¢¥(z) with g4(z|y) by minimizing the following loss wrt ¢:

Lagg = Epp(ay) [K L(q(2|z)l|gs(2]y))] (5.8)

To see that this objective does in fact approximate ¢¥(z) with g4(z|y), we will decompose the

loss into two divergences by introducing ¢¥(z):

Eppaly) (K L(a(2]2)]la(2[4))] =Epp aly) :Ea(w) :10% (qutxi)”
=Epp (e :Eq(zx) :log (%)H
E, o :log (Q( ) +1og (;(yz(\?)ﬂ

|
=Epp @y K L(q(2]2)]1¢%(2))] + Epp alyya(zl) {bg ( e )}

pp(z|y)

)
=Epp @y K L(q(2]2)|1¢"(2))] + Eppw)av()atal2) {10% ( qy(Z)))]

=E, (o1 {KL(q(z\w)qu(z» +Eoris) {log (;cz(lzy))ﬂ

=Eop @iy [KL(q(2]2)]|¢?(2)) + KL (¢°(2)lla(z[y))]

This derivation shows us that minimizing the KL divergence of Eqn. 5.8 is equivalent to
minimizing 1) the KL between the approximate posterior of the image and the the aggregate

posterior and 2) the KL between the aggregate posterior and the approximate posterior of
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the text:

Eppely) | KL(q(z[2)llae(2]y)) | =Eppaly) | KL(g(2|2)]l¢"(2)) + KL (¢"(2)l9s(2ly))

Vv v TV
Posterior x to Posterior y Posterior x to Aggregate y = Aggregate y to Posterior y

(5.9)

Consequently, minimizing the loss L4z, wrt ¢ effectively minimizes K L(¢¥(2)||qs(2]y)), since
¢ appears only in the second term of the RHS of Eqn. 5.9. Also, the gradient of Eqn. 5.8 is
equivalent to the gradient of the cross-entropy: H(q(z|x), ¢s(2]y)), since ¢(z|x) is not being

optimized, just sampled from.

5.4 Related Work

Distribution Mismatch

The problem of the mismatch between the prior and the aggregate posterior has been remarked
in a number of works (Makhzani et al., 2015; Huang et al., 2017; Rosca et al., 2018). There
have been a several approaches to addressing this problem. In Makhzani et al. (2015), they use
an adversarial loss to fit the aggregate posterior to the prior. In Tomczak and Welling (2018),
they learn a mixture of posteriors as the prior. Similar to our work, in Huang et al. (2017)
they learn the prior with a flow distribution. In contrast to these works, our work addresses
this distribution mismatch in joint VAEs. This mismatch problem can be more severe in this
setting because there are multiple decoders sharing the same latent variable which means the
decoders can have differences in how they generalize to unseen latent variables, leading to
posteriors that are different.

We gain insight into the behaviour of the objective of Eqn. 5.8 through our derivation of
its decomposition (Eqn. 5.9). This derivation is similar to the ones done in Hoffman and
Johnson (2016) and Vedantam et al. (2018), however they use the indexes of the datapoints
in their derivation and they don’t express the final decomposition in terms of KL divergences

like ours.
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Name q(z|y) Approximates | ¢(z|z) Approximates
BiVCCA Gl v) (-1a)
Wang et al. (2016) PiEIT Y p
JMVAE
Suzuki et al. (2016) Epp (o) la(z]z)] p(z|x) + q(z|y)
TELBO l "
Vedantam et al. (2018) pL=ly p
VLVAE
Cremer and Kushman (2018) Epp(zy) [q(z]2)] p(z|z)

Table 5.1: Approximations of joint VAE models. If we applied the objectives of each joint VAE
model to the VLVAE model, these would the distributions that ¢(z|y) and ¢(z|z) approximate.

Joint VAE Models
There have been a number of works that model joint distributions over multiple modalities
using a latent variable. Although these works do not model the same modalities and may
have different architectures, it is illuminating to compare their modelling assumptions.

In Wang et al. (2016), they present deep variational canonical correlation analysis (VCCA).
Depending on the downstream task their objective may vary, however to train their infer-

ence networks for both modalities they optimize the joint probability using the modalities

individually (BiVCCA objective):

By {log (p(fUIZ)p(y!Z)p(Z))} T Eyy [log (p(xlz)p(yIZ)p(z)ﬂ

q(z|z) q(=ly)

In the case of inference with just the text, this is not ideal because it needs to infer the
posterior of both the image and text but it does not have access to the image information.
Suzuki et al. (2016) present the joint multimodal VAE (JMVAE). The JMVAE objective

for learning ¢(z|y) applied to our model would be very similar to our Eqn. 5.8:

q(zlw)] 7

B, |1
at=1e) {Og q(z|y)

However, the main difference is that JMVAE optimizes both ¢(z|x) and ¢(z]y) with the above
loss. From our decomposition in Eqn. 5.9, we can see that this would pull ¢(z|z) towards the
aggregate distribution. In contrast, we only optimize ¢(z|y) with Eqn. 5.8, so that ¢(z|x)

learns to approximate the true posterior only. Our objective isolates the optimization of
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q(z|y) from the rest of the model, so that we can learn the aggregate only. The JMVAE
objective also optimizes ¢(z|x) with Eqn. 5.2, thus it approximates the true posterior as well.

In Vedantam et al. (2018), they optimize a triple ELBO (TELBO) objective, which is the
combination of the ELBOs for the joint probability and the the marginal probability of each
modality. The result of this objective is that each approximate distribution tries to match

the corresponding true posterior. Thus for ¢(z|y), the TELBO optimizes Eqn. 5.5:

. {bg (p<y|z>p<z>)] |

q6(2[y)

In Vedantam et al. (2018), they show that the correctness of the samples from the TELBO-
optimized model is sometimes lower than the JMVAE-optimized model. Our analysis of
the aggregate posterior helps elucidate their results: their correctness is lower due to the
mismatch between the aggregate posterior and the true posterior.

If we assume that each of the objectives that we’ve addressed uses the same model as the
VLVAE, then table 5.1 is a summary of the distributions that each encoder is approximating.
For instance, the TELBO approximates the true posterior for each modality. Whereas,
JMVAE and VLVAE approximate the aggregate with ¢(z|y), but differ on what g(z|z)
approximates.

Some works employ other approaches to match the distributions of the multiple modalities.
In Chaudhury et al. (2017) they minimize the distance between the encodings of each modality.
In Hsu and Glass (2018) they disentangle by separation, which means they maximize the
similarity of the encodings from different modalities and minimize the similarity between

different samples, ie. the multiview contrastive loss (Hermann and Blunsom, 2014).

5.5 Results

Conditional Sampling of g4,,(2|y)
We will refer to g,(z]y) optimized using Eqn. 5.8 as gag,(z|y) since it models the aggregate
posterior instead of the true posterior of the text. In our experiments, we use a flow distribution

for gage(#|y). The flow transformation that we employ is similar to the transformations of
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2~qagg(2ly) x~p(x|z1) x~p(x|z;) x~p(x|z3)

Small Yellow Metal Cylinder
Left
Large Red Rubber Cylinder

Large Purple Rubber Sphere
Right
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Large Gray Metal Sphere
Left
Large Cyan Metal Sphere

Figure 5.8: Conditional samples from gag44(2]y). Column 1: Text provided to the text inference
network. Columns 2,3,4: Image decoding of three samples z, 21, 22 from gag¢(2|y). In comparison
to Fig. 5.7, these samples from the aggregate posterior are of much higher visual quality.

Real NVP (Dinh et al., 2017), however our flows are conditioned on text. The gaz,(2|y)
distribution has six flow transformations conditioned on text stacked together. We use the
same architecture as was used in section 5.2.2.

In Fig. 5.8, we show conditional image samples from this distribution. In contrast to Fig.
5.7, which approximated the true posterior of the text, we can see that the images are of
much higher quality. This is a qualitative result demonstrating the benefit of modelling the
aggregate posterior. However, it’s important to note that not all samples from ga4,(2]y) look
as good as Fig. 5.8, but that on the whole, images from ga4,(2|y) look better than gr,.(z|y).

The following section will compare the distributions more quantitatively.

Measuring Conditional Likelihood and Image Correctness
We compare the approximate posteriors in terms of two metrics: correctness and conditional
likelihood. Following Vedantam et al. (2018), the correctness is the fraction of attributes

for each generated image that match those specified in the text’s description. To compute
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Two Objects CelebA
qrrue(2|Y) QAgg(Z‘y) qrrue(2]Y) QAgg<z|3/)
Correct (%) 57.29 4 4.56 78.09 £ 0.05 80.17 £ 0.25 82.92 £+ 0.04
10g]5(x|y) —6999.38 £ 817.45 | 1472.51 £ 0.23 —1710.59 £ 174.27 | —178.24 +0.12

Table 5.2: Comparison of the aggregate of the image posteriors for a given text gagq(2|y) and the
approximate posterior for the text gp.ye(z|y) on the validation set. Three runs are used to compute
the mean and standard deviation for each value. Learning the aggregate generally helps improve
the correctness of samples and conditional likelihood.

correctness, we use a classifier, which was trained independently from the model, to predict
the attributes for a given image. Thus, in order to achieve high correctness, the model must
generate images of sufficient quality for the classifier to distinguish as well as generate images
which match the text that it’s conditioned on. We also estimate the conditional likelihood of

held-out images under ¢,(z|y) by computing the following lower bound:

st = B o (HEE0)] o1

Thus, g4(z|y) will have lower conditional likelihood if it is not modelling the full diversity of

images conditioned on the text.

5.5.1 Comparison of ga,,(z|y) and qry.(z|y)

We use qrrue(2]y) to refer to gs(z|y) trained to approximate the true posterior by optimizing
Eqn 5.5. Similarly, we use gagzq(2|y) to refer to g,(z|y) trained to approximate the aggregate
posterior by optimizing Eqn 5.9. For this experiment, we first train a VLVAE by optimizing
the objective of Eqn. 5.2, then subsequently train g4(z|y).

Table 5.2 shows the comparison of ¢ryue(2|y) and gagy(2]y) in terms of correctness and
conditional likelihood on the validation set. We see that learning ga,q(z|y) improves the
correctness of the generated images on both datasets. The large differences in log p(z|y)
suggest that the true posterior p(z|y) and the aggregate posterior E, ) [¢(2]x)] are quite
different distributions.

Figure 5.9 shows the correctness of image and text samples from each distribution during

training. As expected, for gr..(z|y), the text samples match the original text well, whereas
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Figure 5.9: Comparison of qage(2|y) and grrue(2|y) over training steps. Correctness refers to how
well the generated sample (¢ or &) matches the text y that it is conditioned on. Blue lines are
samples from ¢r,ue(2|y) and green lines are from gag¢(2|y). Solid lines are text samples and dashed

lines are image samples.

the image samples have lower correctness. For qa4,(2|y), the correctness of both the images
and text are similar and its above the correctness of the images from q¢rp..(2|y).

In Fig. A.3 of the supplementary material, we show the nearest images in terms of
Euclidean distance in the training set to the generated images from gaz,(z|y). We see that
the generated images are all different from the training set, indicating that ga4,(2|y) is not

simply overfitting to the training set and is able to generalize to new text.

5.5.2 Comparison of VLVAE and JMVAE

From section 5.4, we've seen that the objectives of the VLVAE and JMVAE are quite similar
but differ due to JMVAE optimizing both ¢(z|z) and ¢(z|y) with Eqn. 5.8, whereas the
VLVAE objective optimizes only ¢(z|y). Given this difference, we’d like to see how it affects
the resulting model. One concern with the VLVAE objective is that it optimizes q(z|z)
isolated from ¢(z]y), thus the concern is that the aggregate of ¢(z|z) may become too complex
for q(z]y) to model. We will measure the lower bound of log p(x|y) to examine this concern
since it measures how well we are modelling the aggregate. We will also measure the lower

bound of log p(x, y) to see how well each objective models the joint distribution.

We trained two models as described in section 5.2 with the VLVAE and JMVAE objectives
and reported the lower bounds in Table 5.3. We see that the VLVAE objective achieves a
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Two Objects CelebA
JMVAE VLVAE JMVAE VLVAE
log p(z, y) 1049.71 +£5.92 | 1134.94 + 2.52 —1561.21 4+ 24.52 | —906.14 + 8.92
log p(z]y) 1468.87 + 1.66 | 1472.06 4+ 0.58 —T773.95+22.77 | —178.42 + 6.83

Table 5.3: Comparison of JMVAE and VLVAE objectives. Experiments are on the Two Object
CLEVR dataset and CelebA. We approximate the likelihoods by measuring lower bounds. Bounds
are computed on the validation set and three runs are used to compute the mean and standard
deviation for each value.

higher lower bound for both log p(x,y) and log p(x|y), which suggests that optimizing ¢(z|y)

in isolation from the optimization of ¢(z|x) is beneficial for the model.

5.6 Conclusion

In this work, we developed a latent variable model for text and images. We explored the
benefits of training a model using inference from only images. We also showed that, due
to a distribution mismatch, it is beneficial to learn the aggregate posterior. Through our
decomposition of the objectives, we have improved our understanding of how to learn the
aggregate posterior. This change in inference leads to improvements in the likelihoods and
the quality of the generations from the model.

One direction of future work involves improving the inductive bias of the generative model.
For instance, the current naive model is trained on images with two objects because the
model could not generate the original CLEVR, (Johnson et al., 2017) dataset, which has many
objects per image. The improved inductive bias will likely arise from transfer learning, where

the model learns to easily reason about the notion of objects.
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Chapter 6

Discussion

In this section, I summarize the contributions of my thesis, I compare the tradeoffs between

likelihood-based models, and discuss some open questions that remain to be addressed.

6.1 Summary of Contributions

The central theme of this thesis is the analysis of approximate inference in VAEs. Through this
analysis, we learned about the many obstacles facing inference in VAEs and we gained insight
into how to overcome them. My analysis of approximate inference in VAEs was composed
of three parts. In Chapter 3, I demonstrated how the tighter bound objective of IWAE is
equivalent to improved inference and I provided the necessary algorithms to properly use the
distribution defined by this new interpretation of IWAE. In Chapter 4, I showed how we can
break down and estimate the factors contributing to suboptimal inference and I performed
an analysis of these factors over different datasets and model designs so that we can better
understand how to improve approximate inference in VAEs. In Chapter 5, I developed a
model for modelling the joint distribution over text and images and demonstrated the benefit

of learning the aggregate posterior to deal with the mismatch of the posteriors of each modality.
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6.2 Comparison of Likelihood-Based Models

When should a latent variable model be used over other density estimators? Although this
thesis has focused on the analysis of VAESs, it is important to understand when using a VAE is
appropriate. In particular, I’ll compare the pros and cons of the three main likelihood-based
models: VAEs, auto-regressive models, and flows. Although the choice of model is highly
dependent on the specific task, this section will give a small snapshot of the current general
state of these models and the details that should be considered when choosing a model.
Data Likelihood

Currently, auto-regressive models achieve the highest data likelihood on popular image
datasets (van den Oord et al., 2016b,c; Chen et al., 2018; Parmar et al., 2018) and are the
method of choice for text applications (Vaswani et al., 2017; Devlin et al., 2018). There are a
number of possible reasons for its superior performance relative to VAEs and flows.

Firstly, for the popular image and texts datasets, its possible that auto-regressive models
may have superior inductive biases for these types of data compared to VAEs and flows.
Furthermore, most flow models are defined on continuous data, in contrast to discrete data,
such as pixel values. Thus for image datasets, the data must be dequantized prior to passing
through the flow. The dequantization results in the optimization of a lower bound to the
data log-likelihood and improvements to the dequantization can lead to improvements in
data log-likelihood (Ho et al., 2019). In contrast, auto-regressive models and VAEs can have
output distributions over discrete data such as a a discretized logistic mixture likelihood
(Salimans et al., 2017). However, there has been work on flows that work directly on discrete
data (Tran et al., 2019; Hoogeboom et al., 2019). In addition to strong data likelihood,
auto-regressive models can compute and optimize the likelihood exactly. In contrast, VAEs
optimize a lower bound which may contribute to the model having lower likelihood over the
data.

Sample Generation
The time required to generate a sample from the model may be important in real-time
applications. For example, generation efficiency is important in a robotic task that requires

generating possible future rollouts of video frames for decision making. Generally, auto-
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regressive models generate each data dimension sequentially. Thus the generation time scales
with the number of data dimensions, which may be very large for image and videos. There has
been work to speed up auto-regressive generation by caching computation (Ramachandran
et al., 2017). Another line of work attempts to distill the density of an auto-regressive model
so that data generation can be done in parallel (van den Oord et al., 2018).

In contrast, VAEs with feedforward or convolutional decoders can generate samples quickly
since the computation does not scale directly with the data dimensions. For flow models,
some models can generate data in one pass (Dinh et al., 2017) while others require iterative
methods to invert the forward transformation (Behrmann et al., 2019).

It is important to note that the likelihood-based models don’t need to be used inde-
pendently. As we’ve seen throughout the thesis, they can be combined. Other works have
also combined latent variable models with auto-regressive decoders (Chen et al., 2016), or
flow posteriors (Rezende and Mohamed, 2015), and flow models have been combined with
auto-regressive models (Kumar et al., 2019). See Fig. 6.1 for a Venn diagram illustrating some
of the combinations between latent variable models, auto-regressive models (AR) and flow

models. FlowAR refers to a flow distribution where the base distribution is auto-regressive.

Latent Variable

PixelVAE
VLAE

PixelRNN
PixelCNN
PixelSnail

RealNVP
Glow
Spline Flows

Flow

AR

Figure 6.1: Venn diagram of different combinations of the likelihood-based models.
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6.3 Future Directions

Distribution Underfitting: Sample Quality and Density Estimation
A criticism of the samples from VAEs relative to Generative Adversarial Networks (GANs) is
that the images are blurry. One reason for this is that maximum likelihood is equivalent to

minimizing the forward-KL between the model distribution and the data distribution:

*(x
VQEP*(QE) [logpg(x)] = _VQEP*(I) |:1ng ( ):|

po(T)
= — VoKL (p*(2)||pe(z))

The forward-KL is known to be mode-covering (Kristiadi, 2016), whereas GANs tend to
be mode-seeking (Sajjadi et al., 2018). The result is that each model underfits the data
distribution differently: VAEs tend to model more of the data diversity but with lower quality,
whereas GANs have less diversity (mode dropping) but higher quality samples.

An open question is whether, given enough data and model capacity, will maximum
likelihood models have similar quality images to GANs, such as Karras et al. (2019a,b)?
Furthermore, how does underfitting affect the generalization of the density estimation of
VAEs? Are the out-of-distribution samples that have higher probability (Nalisnick et al.,
2019; Fetaya et al., 2019) due to simply underfitting the data distribution and the inductive
biases of the model? Would more data solve these issues? Generalization in high dimensions
is likely more challenging than in lower dimensions, thus improvements to the inductive biases

of the model might be required.

Model Optimization

VAE learning is often faced with optimization challenges. For instance, mode collapse is a
optimization problem encountered during VAE training where the approximate posterior is
close to the prior distribution for a subset of the latent variable dimensions. VAE models are
especially prone to this when the decoder is an auto-regressive model, because the decoder
can model the data distribution without the need of the latent variable. However, even with

simple decoders, this problem can arise. There are a number of techniques used to address
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this problem. For instance, as shown in Burda et al. (2016), using the IWAE bound can
reduce the number of latent variables that go unused. Another approach is to modify the
ELBO either with free-bits (Kingma et al., 2016) or annealing the weight of the latent cost
KL(q(z|z)||p(2)) from 0 to 1 during training (Bowman et al., 2016; Sgnderby et al., 2016).

Conditional generative models are often difficult to train as explained in Fetaya et al.
(2019). VAEs are especially prone to optimization issues when training conditional generative
models because the latent variable tends to include the same information contained in the
conditioning variable, which leads the model to ignore the conditioning variable. These
optimization difficulties can lead to suboptimal models and thus improving VAE optimization

is still an open problem.

Discrete Latent Variables

Inferring latent variables with discrete structure is often desired for a number of reasons,
including, for example, interpretability or to enforce specific structure on the latent variable.
However, when taking expectations over discrete variables, we no longer have access to the
reparameterization gradient and thus we must resort to other gradient estimators. Most
unbiased gradient estimation approaches have revolved around the REINFORCE estimator

approach:
VoEywo) [f(0)] = Epwjoy [f(0) Vg log p(b|6)]

These gradient estimators often suffer from high variance leading to slow learning. Using
a control variate is one technique to reduce the variance. Recently, Tucker et al. (2017)
took advantage of the Gumbel distribution to create a control variate that is conditioned
on a continuous relaxation of the discrete variable while remaining unbiased. This idea was

further generalized in Grathwohl et al. (2018), obtaining the RELAX gradient estimator.
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The following is a comparison of a number of unbiased gradient estimators:

grerorce = f(b)Velog p(b|d)
GRE+Baseline = [f (b) — ¢] Vg log p(b]0)
greax = [f(b) — c4(2)] Volog p(bl) + Vgcg(2) — Vgeg(2)

gsmvprax = [f(b) — cg(2)] Vologp(2]0) + Vecy(2)

where p(b|f) is a Categorical distribution, p(z|f) is a Gumbel distribution, z ~ p(z|0),
b = argmax(z), and Z ~ p(Z|b,0). The Simplax estimator is an estimator that has not been
thoroughly investigated, but it is of interest due to its simplicity relative to RELAX.

Even with these variance reduction techniques, there is still considerable room for im-
provement (Le et al., 2019). With improved estimators, we will be able to more easily learn

highly structured latent variables.

6.4 Conclusion

In this thesis, I examined inference in VAEs in a number of ways. 1 demonstrated how
the tighter bound objective of IWAE is equivalent to improved inference. Furthermore, I
investigated whether typical VAEs should be improved by reducing the errors arising from
simple approximate distributions or errors associated with amortized inference. Finally, I
developed a latent variable model over images and text and demonstrated the benefit of
learning aggregate posteriors. I hope these analyses will lead to further improvements in

generative modelling.
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Appendix A

Supplementary Material

A.1 Chapter 3 Supplementary Material

A.1.1 Proof that Ly ag[gew] is an upper bound of Ly ag[q]

Proof adapted from a proof provided from personal communication with Christian Naesseth.

This proof is used in Section 3.2.3.
Let p(l’|21 k) ( zlz j=2 q(:]‘zgjg >
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(A.13)

(A.14)

(A.15)

(A.16)

(A.6): Given that f(A) = —AlogA is concave for A > 0, and f(F[z]) > E[f(x)], then f(E[x]) =

—FE[z]logE[x] > E[—zlogz].

(A.8): Change of notation z = z;.

(A.12): z; has the same expectation as z; so we can replace k with the sum of k terms.
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A.2 Chapter 4 Supplementary Material

2D Visualization

The VAE model of Fig. 4.2 uses a decoder p(z|z) with architecture: 2 — 100 — 784, and an
encoder ¢(z|z) with architecture: 784 — 100 — 4. We use tanh activations and a batch size
of 50. The model is trained for 3000 epochs with a learning rate of 10~* using the ADAM
optimizer (Kingma and Ba, 2015).

To plot the true posteriors p(z|x) = ’% in Fig. 4.2, we compute p(z|2)p(z) in a grid in

latent space, then normalize by p(z) = [ p(x,z)dz = Y p(z, z) Az, where the sum is over

the grid and Az is the spacing of the grid.

MNIST & Fashion-MNIST

Both MNIST and Fashion-MNIST consist of a training and test set with 60000 and 10000
datapoints respectively, where each datapoint is a 28x28 grey-scale image. We rescale the
original images so that pixel values are within the range [0,1]. For MNIST, We use the
statically binarized version described by Larochelle and Bengio (2008). We also binarize
Fashion-MINST statically. For both datasets, we adopt the Bernoulli likelihood for the
generator.

The VAE models for MNIST and Fashion-MNIST experiments have the same architecture.
The encoder has two hidden layers with 200 units each. The activation function is chosen to be
the exponential linear unit (ELU, Clevert et al. (2016)), as we observe improved performance
compared to tanh. The latent space has 50 dimensions. The generator is the reverse of the
encoder. We follow the same learning rate schedule and train for the same amount of epochs
as described by Burda et al. (2016). All models are trained with the a batch-size of 100 with
ADAM.

In the large encoder setting, we change the number of hidden units for the inference
network to be 500, instead of 200. The warm-up models are trained with a linear schedule
over the first 400 epochs according to Section 4.5.6.

The auxiliary variable of requires a couple distributions: ¢(vg|zo) and r(vr|zr). These

distributions are both factorized Gaussians which are parameterized by MLP’s with two
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hidden layers, 100 units each, with ELU activations.
The flow transformation q(zy41, vi11|2¢, v¢) involves functions oy, o9, 1, and us from Eqn.

4.4 and 4.5. These also have two hidden layers with 100 units each and ELU units.

3-BIT CIFAR

CIFAR-10 consists of a training and test dataset with 50000 and 10000 datapoints respectively,
where each datapoint is a 32 x 32 RGB image. We rescale individual pixel values to be in
the range [0, 1]. We then statically binarize the scaled pixel values by setting individual pixel
values of channels to 1 if the rescaled value is greater than 0.5 and 0 otherwise. In this manner,
we can model the observation with a factorized Bernoulli likelihood. We call this binarized
CIFAR-10 dataset as 3-BIT CIFAR, since 3 bits are required to encode each pixel, where 1
bit is needed for each of the channels. We acknowledge that such binarization scheme may
reduce the complexity of the original problem, since originally 24 bits were required to encode
a single pixel. Nevertheless, the 3-bit CIFAR dataset is still much more challenging compared
MNIST and Fashion. This is because 784 bits are required to encode one MNIST /Fashion
image, whereas for one 3-bit CIFAR image, 3072 bits are required. Most notably, we were
able to validate our AIS estimates using BDMC with the simplified dataset. This, however,
was not achievable in any reasonable amount of time with the original CIFAR-10 dataset.

For the latent variable, we use a 50-dimensional factorized Gaussian for ¢(z|z). For all
neural networks, ELU is chosen to be the activation function. The inference network consists
of three 4 by 4 convolution layers with stride 2, batch-norm, and 64, 128, 256 channels
respectively. Then a fully-connected layer outputs the 50-dimensional mean and log-variance
of the latent variable. Similarly, the generator consists of a fully-connected layer outputting
256 by 2 by 2 tensors. Then three deconvolutional layers each with 4 by 4 filters, stride 2,
batch-norm, and 128, 64, and 3 channels respectively. For the model with expressive inference,
we use three normalizing flow steps, where the parametric functions in the flow and auxiliary
variable distribution also take in a hidden layer of the encoder.

We use a learning rate of 1073, Warm-up is applied with a linear schedule over the first
50 epochs. All models are trained with a batch-size of 100 with ADAM. Early-stopping is
applied based on the performance computed with the IWAE bound (k=1000) on the held-out
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set of 5000 examples from the original training set.

A.2.1 Generalization of Amortized Inference on Held-Out Data

This section provides details and extra experiments for section 4.5.5. The models are trained
with batch size 50 and latent dimension size of 20. The rest of the hyperparameters are
equivalent to Section A.2.

Architecture of qgi: The flow transformation involves functions oy, g9, u1, and us from
Eqn. 4.4 and 4.5. Each function is an MLP with a 50 unit hidden layer and ELU activations.
We apply this flow transformation twice.

We performed the same experiments of Fig. 4.3 with the g4 approximate posterior. For
this model, the transformations are the same as qgjo.,, but rather than partitioning the latent
variable, we introduce an auxiliary variable. The auxiliary variable also requires a reverse
model 7(v|z) which is a factorized Gaussian parameterized by an MLP with a 50 unit hidden
layer and ELU activations. Fig. A.1 are the plots for the g4z model.

Comparing gar in Fig. A.1 to ¢mw in Fig. 4.3, we see that the gar has a larger
approximation gap. This increase is likely due to the KL (¢(v|z, z)||r(v|z, 2)) term of the
auxiliary variable lower bound from 2.2.3. This motivates also using expressive approximations

for the reverse model r(v|z).

Training Set Validation Set

-100- _100-

—=105 - =105 -

-110- -110-

=-115- =115 -

' \ ' I ' ' ' ' ' ' ' ' ' ]
] 500 1000 1500 2000 2500 3000 1] 500 1000 1500 2000 2500 3000

Epochs Epochs

Figure A.1: Approximation Gap (blue) and Amortization Gap (orange) over epochs of the
AF (auxiliary flow) model.
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A.2.2 Influence of Flows On Amortization Gap Experiment

The aim of this experiment is to show that the parameters used for increasing the expressiveness
of the approximation also contribute to reducing the amortization error. To show this, we train
a VAE on MNIST, discard the encoder, then retrain two encoders on the fixed decoder: one
with a factorized Gaussian distribution and the other with a parameterized flow’ distribution.
We use fixed decoder so that the true posterior is constant for both encoders. See 4.5.3 for
the results and below for the architecture details.

The architecture of the decoder is: Dz — 200 — 200 — Dx. The architecture of the encoder
used to train the decoder is Dx — 200 — 200 — 2D. The approximate distribution ¢(z|z) is
a factorized Gaussian.

Next, we describe the encoders which were trained on the fixed trained decoder. In
order to highlight a large amortization gap, we employed a very small encoder architecture:
Dx — 2D4. This encoder has no hidden layers, which greatly impoverishes its ability and
results in a large amortization gap.

We compare two approximate distributions ¢(z|z). Firstly, we experiment with the typical
fully factorized Gaussian (FFG). The second is what we call a flow distribution. Specifically,
we use the transformations of Dinh et al. (2017). We also include an auxiliary variable so we
don’t need to select how to divide the latent space for the transformations. The approximate
distribution over the latent z and auxiliary variable v factorizes as: ¢q(z,v|x) = q(z|x)q(v).
The ¢(v) distribution is simply a N(0,1) distribution. Since we’re using a auxiliary variable,
we also require the r(v|z) distribution which we parameterize as r(v|z): [Dz] —50 —50 — 2D .

The flow transformation is the same as in Section 4.3.2, which we apply twice.

A.2.3 Computation of the Determinant for Flow

The overall mapping f that performs (z,v) — (2/,v’) is the composition of two sheer mappings
f1 and fy that respectively perform (z,v) — (z,v’) and (z,v") — (2/,v"). Since the Jacobian of

either one of the sheer mappings is diagonal, the determinant of the composed transformation’s
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Jacobian D f can be easily computed:

det(Df) = det(D f1)det(D f5)

= (I (L)

=1
A.2.4 Annealed Importance Sampling

Annealed importance sampling (AIS, Neal (2001); Jarzynski (1997)) is a means of computing
a lower bound to the marginal log-likelihood. Similarly to the importance weighted bound,
AIS must sample a proposal distribution f;(z) and compute the density of these samples,
however, AIS then transforms the samples through a sequence of reversible transitions 7;(2'|z).
The transitions anneal the proposal distribution to the desired distribution fr(z).
Specifically, AIS samples an initial state z; ~ fi(z) and sets an initial weight w; = 1. For
the following annealing steps, z; is sampled from 7;(2'|z) and the weight is updated according

to:

This procedure produces weight wr such that E [wr] = Zr/2Z, where Zr and Z; are
the normalizing constants of fr(z) and fi(z) respectively. This pertains to estimating the
marginal likelihood when the target distribution is p(z, z) when we integrate with respect to
z.

Typically, the intermediate distributions are simply defined to be geometric averages:
fi(2) = fi(2)1 7P fr(2)P, where B; is monotonically increasing with 8, = 0 and 7 = 1. When
f1(2) = p(2) and fr(z) = p(z, 2), the intermediate distributions are: f;(x) = p(z)p(x|z)”.

Model evaluation with AIS appears early on in the setting of deep belief networks
(Salakhutdinov and Murray, 2008). AIS for decoder-based models was also used by Wu et al.
(2017).
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A.2.5 Extra MNIST Inference Gaps

To demonstrate that a very small inference gap can be achieved, even with a limited
approximation such as a factorized Gaussian, we train the model on a small dataset. In this
experiment, our training set consists of 1000 datapoints randomly chosen from the original
MNIST training set. The training curves on this small datatset are shown in Fig. A.2. Even
with a factorized Gaussian distribution, the inference gap is very small: the AIS and IWAE
bounds are overlapping and the VAE is just slightly below. Yet, the model is overfitting as

seen by the decreasing test set bounds.

---------

-100 - -100 -

== VAE train
= IW train
= |W test
-120 - —120 -
=== AIS train

—— AIS test \
\ L

Log-Likelihood

-140 - —140 = === VAE train
=== |Wtrain
— W test \
=== AIS train
—-160 - —160 — = AIS test
1 1 1 1 1
1000 1900 2800 1000 1900 2800

Epochs Epochs

Figure A.2: Training curves for a FFG and a Flow inference model on MNIST. AIS provides
the tightest lower bound and is independent of encoder overfitting. There is little difference
between FFG and Flow models trained on the 1000 datapoints since inference is nearly
equivalent.

96



APPENDIX A. SUPPLEMENTARY MATERIAL

A.3 Chapter 5 Supplementary Material

A.3.1 Model Architecture

Overview of model: The model will involve different components depending of which
modalities it uses for inference and which modalities to generate. For instance, in Eqn. 5.2,
the model performs inference with only images and then generates images and text. In
this case, the model begins by encoding the image into a vector. If we were performing
inference with both modalities, both modalities would be encoded and the vectors would be
concatenated. Next, the encoding is passed to another network which outputs the parameters
of a Gaussian distribution over the latent space. The distribution is then sampled and the
images and text are decoded. To decode the latent vector samples, the samples begin by
being decoded by a network which is shared by both modalities. Then this vector is passed
to an image decoder and text decoder. In the following, we will provide more detail of each
of those components.

Image encoder: We use networks similar to the ones used in CycleGAN (Zhu et al.,
2017). Broadly, we use a 3-block Resnet with instance norm then flatten the representation
and output a 200 dimensional vector. We build off this implementation:
https://github.com/aitorzip/PyTorch-CycleGAN /blob/master /models.py.

Text encoder: The text is encoded with a GRU with a hidden state size of 200. The
final hidden state is used as the text encoding

Shared encoder network: The encodings of each modality are concatenated then
passed through three fully-connected layers with batchnorm and a residual connection. It
outputs the means and variances of the Gaussian for the latent variable z.

Shared decoder network: The latent variable z is passed through five fully-connected
layers with two residual connections and batchnorm. The resulting vector has dimensionality
of 200.

Image decoder: The vector from the shared decoder network is linearly transformed into
a 1000 dimensional vector then reshaped into 2D representation with 10 channels. Similar to
the image encoder, we use a 3-block Resnet with instance norm to output the parameters of

the image likelihood distribution. See Section A.3.1 for details of the image likelihood.
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Text decoder: The text decoder is a GRU with a 200 dimensional hidden state. Each
hidden state is dependent on the previous word, previous hidden state, and the shared decoder
network output. The hidden state for each word is put through three fully-connected layers
with a residual connection, batchnorm, and dropout, and outputs the distribution over the

vocabulary.

Flow Distributions

In Chapter 5, we use flows to model the distributions which are conditioned on text g,(z|y).
The flow transformation that we employ is similar to the transformations of Real NVP (Dinh
et al., 2017). We partition the latent variable z into two, z; and 29, then perform the following

transformations:

Zi = 2Z10 0'1(2’2> -+ ,ul(zQ) (Al?)

2y = 23 0 02(27) + pia(2}) (A.18)

where oy, 09, 11, fio : R® — R™ are differentiable mappings parameterized by neural nets and
o takes the Hadamard or element-wise product. We partition the latent variable by simply
indexing the elements of the first half and the second half. The determinant of the combined
transformation’s Jacobian is |det ( )‘ = ( 101(2) > <H? L 02(V'); > We employ two of

these flows for each sample.

Image Likelihood Distribution

The images are preprocessed to be continuous values between 0 and 1. For our image
likelihood p(x|z), we use a constrained Beta distribution. Specifically, the image decoder
outputs the o parameter of the Beta distribution and we set the § parameter to 1 — «, thus
the distribution is constrained to o and [ values which sum to 1. We then scale both o and
B by a factor of 100 in order to adjust the variance of the distribution. We chose a Beta
distribution because it is a distribution over continuous values between 0 and 1, unlike other

commonly used distributions such as Gaussian or Laplace.
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A.3.2 Dataset Details

Two Object CLEVR

We modified the CLEVR dataset (Johnson et al., 2017) so that the image contains
only two objects and the text is a description of the objects as well as the relation be-
tween them. We call this dataset the Two Object dataset. The images have dimensions:
[112,112,3]. The text consists of nine words and the format of the text is as following:
Ofize7 Ofolour’ Oinaterial’ O‘fh“pe, R, Ogize7 Ogozour7 O;naterial’ Oghape, where O, and O, are used to
refer to each object in the image and R refers to the relational word. We will now list the
vocabulary for each attribute. O®?¢: small, large. O’ cyan, red, gray, blue, yellow,
purple, brown, green. O™¢"al: rubber, metal. O®'%¢: sphere, cylinder, cube. For the
relational word, the possible words are: right, left, front, behind. Thus, there is a total of
2*8%2*3%4=384 possible different texts. The dataset consists of 100k image-text pairs, where

90k are used for training and 10k for validation.

CelebA

We use the CelebA dataset (Liu et al., 2015), where we’ve converted the attributes into
a sequence of shuffled words. The images have dimensions: [64,64,3]. The max length of
the text is 9 words, but the median length is 4 words. Following Vedantam et al. (2018),
we use a subset of the attributes. The vocabulary encompasses 20 different tokens: Bushy
Eyebrows, Male, Female, Mouth Slightly Open, Smiling, Bald, Bangs, Black Hair, Blond
Hair, Brown Hair, Eyeglasses, Gray Hair, Heavy Makeup, Mustache, Pale Skin, Receding
Hairline, Straight Hair, Wavy Hair, Wearing Hat, and ’-’ to indicate blank word. There are
a total of 202599 image-text pairs, and 180k are used for training and 22598 are used for

validation.

A.3.3 Training Details

We trained the model for 400k steps with the ADAM optimizer with learning rate 4 * 1072,
We used a batch size of 20. The size of the latent variable was 50 dimensions. We employed

warmup to the objective for the first 20k steps. More specifically, we annealed the weight of
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the KL term of the objective from 0 to 1 over the first 20k steps.

Likelihood Term Weights

Given that the dimensionality of the modalities widely differ, the evidence lower bound
objective does not align with the real importance of each modality. For instance, we have
images of 112x112x3=37632 dimensions, compared to text with around 9 dimensions. Thus
there is much greater weight put on the image compared to the text. To compensate, we
down-weight the likelihood term of the images p(z|z) and we up-weight the text likelihood
p(y|z) in the objective during training. For the experiments of section 5.5, on the Two
Object CLEVR dataset we multiply p(z|z) by .02 and p(y|z) by 200. On the CelebA dataset,
we multiply p(z|z) by .1 and p(y|z) by 100. We tried a number of different values for
these hyperparameters, however for the range of hyperparameters we tried, our results were

consistent for the comparisons we made.

A.3.4 2D Visualization Details

For Fig. 5.2, we trained a VLVAE model with a latent size of 2 dimensions. It was trained on
a simplified version of the CLEVR dataset, where each image contains only a single object
and where the object only varies in its colour and size. More specifically, the object in the
image can only be blue or red and large or small. Once trained, to plot the true posterior for
the text p(z|y), we computed p(y|z)p(z) for each z in the grid then normalize. To plot the
aggregate distributions, we encoded the images that correspond to the text y then normalized

the mixture of the image approximate posteriors.

A.3.5 Classifier Details

To measure the correctness of the samples from the model, we train classifiers to predict the
text corresponding to a given image. The architecture of the classifiers is nearly the same as
the image encoder. For the correctness of the conditional samples of Table 5.2, we compare
generated images to the given real text.

For the two object CLEVR dataset, there is ambiguity regarding the object ordering in
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the text as well as the chosen relational word (right, left, front, back). Due to this, we pass
the relational word to the classifier so that the output text is deterministic. The correctness
is simply the fraction of matching words between the sample from the model and the classifier
prediction. For the CelebA dataset, since the word ordering is random, the correctness
measure ignores ordering. In this case, the classifier takes as input an image and outputs the
probability of each word being associated with that image. Given some text, the correctness
of the text is computed based on the fraction of the words that have a higher than 50%
probability of being from that image (based on the classifier).
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A.3.6 Aggregate Posterior Prior Decomposition

The decomposition of Eqn. 5.9 can be done for the prior as well. The following is the ELBO:

L=Ep,@) |Eqesl) [log p(z|2)] — K L(q(z]2)||p(2)) (A.19)
Recon;t?uction Posterio;,to Prior

As is shown in Hoffman and Johnson (2016), we can rewrite the KL term above in terms of

the aggregate posterior q(2) = E,(») [¢(2]x)]:

Byt IS Llalelo) I9:D)] =B [ 1oz (550 |

—E,, ) ;Eq(zm) ;10g < ;fg) . %)H
=E,, ) _Eq(2|l‘) _log <qéf|j)) +log (zq% )H

R

LS

~Eppto (KL (D] + By 102 (47 )]
=E,, ) [KL(q(z]7)[q(2)) + KL (q(2)|[p(2))]
So the lower bound £ can be written as:
L=Epp@) | Eqizle) log p(]2)] = K Lq(z]2)lq(2)) = KL (q(2)|lp(2)) (A.20)

TV Vv VvV
Reconstruction Posterior to Aggregate Aggregate to Prior
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A.3.7 Nearest Training Images

Closest Training Closest Training Closest Training
Conditioning Text Generated Image Image 1 Image 2 Image 3

large yellow metal sphere
left

small gray rubber cylinder

large yellow metal cube
left

small yellow metal cube

small yellow rubber cube
right
small green metal cylinder

small brown rubber sphere
behind
large blue rubber cube

small gray rubber cylinder
front
small brown rubber sphere

small brown metal cylinder
behind
large yellow metal cube

Figure A.3: Nearest images in the training set to the generated conditional images based
on Euclidean distance. The generated images are all different than the training images,
indicating that the model has not overfit to the training set.
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